MODULI OF MATHEMATICAL INSTANTON VECTOR BUNDLES WITH 

ODD C2 ON PROJECTIVE SPACE 



ALEXANDER S. TIKHOMIROV 



Abstract. We study the problem of irreducibility of the moduh space 7„ of rank-2 mathe- 
matical instanton vector bundles with second Chern class 71 > 1 on the projective space P"^. 
The irreducibility of /„ was known for small values of n: for rt = 1 it was proved by Barth 
D-i' (1977), for n = 2 by Hartshorne (1978), for 71 = 3 by EUingsrud and Str0mme (1981), for n = 4 

by Barth (1981), for n = 5 by Coanda, Tikhomirov and Trautmann (2003). In this paper we 
prove the irreducibility of /„ for an arbitrary odd n > 1 . 
Bibliography: 22 items. 
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■ 1. Introduction 
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By a mathematical n-instanton vector bundle (shortly, a n-instanton) on 3-dimensional pro- 
jective space we understand a rank-2 algebraic vector bundle E on with Chern classes 

(1) Ci(E) = 0, C2{E)=n, n>l, 
satisfying the vanishing conditions 

(2) h''{E) = h\E{-2)) = Q. 



Denote by J„ the set of isomorphism classes of n-instantons. This space is nonempty for any 
n > 1 - see, e.g., |BTj . [NT]. The condition h^{E) = for a ra-instanton E implies that 
E is stable in the sense of Gieseker-Maruyama. Hence /„ is a subset of the moduli scheme 
Mp3(2;0,2,0) of semistable rank-2 torsion-free sheaves on with Chern classes Ci = 0, C2 = 
n, C3 = 0. The condition h^{E{—2)) = for [E] e (called the instanton condition) implies 
by semicontinuity that /„ is a Zariski open subset of Mp3(2; 0, 2, 0), i.e. /„ is a quasiprojective 
^ ' scheme. It is called the moduli scheme of mathematical n-instantons. 

In this paper we study the problem of the irreducibility of the scheme /„. This problem has 
an affirmative solution for small values of n, up to n = 5. Namely, the cases n = 1, 3, 3, 4 and 
5 were settled in papers |Blj . [H] . |ESj . |B3j and |CTTj . respectively. The aim of this paper is 
to prove the following result. 

Theorem 1.1. For each n = 2m + 1, m > 0, the moduli scheme In of mathematical n- 
instantons is an integral scheme of dimension 8n — 3. 

A guide to the paper is as follows. In section [3] we recall a well-known relation between 
mathematical n-instantons and nets of quadrics in a fixed n-dimensional vector space if„ over 
k. The nets of quadrics are considered as vectors of the space S„ = S^H^ ® A^y^, where 
V = if''((9p3(l))^, and those nets which correspond to ra-instantons (we call them n-instanton 
nets) satisfy the so-called Barth's conditions - see definition f lT^ . These nets constitute a locally 
closed subset M/„ C of S„ which has a structure of a GL(n)/{±l}-bundle over J„. Thus the 
irreducibility of the moduli space of n-instantons reduces to the irreducibility of the space 
MIn of n-instanton nets of quadrics. 

Section mis a study of some linear algebra related to a direct sum decomposition ^ : © 
-> -f^2m+i giving the above embedding Hm+i ^ H2m+i- Using one result of section [TT] we 
obtain here the relation fl30p which is a key instrument for our further considerations. Also, the 



2 



TIKHOMIROV 



decomposition ^ enables us to relate (2m + l)-instantons E to rank- (2m + 2) symplectic vector 
bundles -E2m+2 on satisfying the vanishing conditions h^{E2m+2) = ^^(-S2m+2(— 2)) = 0. 

In section E] we introduce a new set as a locally closed subset of the vector space S-m+i © 
Em+i, where S^+i = Hom(i7m, -f^m+i ® A^V^), defined by linear algebraic data somewhat 
similar to Earth's conditions. We prove that X^, is isomorphic to a certain dense open subset 
Ml2m+i{0 of Ml2m+i determined by the choice of the direct sum decomposition ^ above, where 
both Xm and M/2m+i(0 understood as reduced schemes. This reduces the problem of the 
irreducibility of /2m+i to that of X^- 

The last ingredient in the proof of Theorem 11.11 is a scheme Zm introduced in section [7] as 
a locally closed subscheme of the affine space x Hom(ifm, H'^ ® /\^V^) defined by explicit 
equations (see (175]1 ). In section [7] we reduce the proof of Theorem II. II to the fact that is an 
integral locally complete intersection subscheme of the above mentioned affine space. This and 
other properties of Z^ are formulated in Theorem 17.21 The rest of the paper is devoted to the 
proof of Theorem 17.21 

In section [8] we start the proof of this Theorem by induction on m and prove a part of the 
induction step - see Proposition 18.11 The proof of it contains explicit computations in linear 
algebra. These computations seem to be somewhat cumbersome, and Remark 18.31 at the end 
of this section gives an explanation why these computations could not be essentially simplified. 

Proposition 18.11 enables us then in section [9?T] to relate Z^ to the so-called t'Hooft instantons. 
As a result, in section [10] we finish the induction step in the proof of Theorem 17.21 

In Appendix (section ITT]) we prove two results of general position for nets of quadrics, which 
are used in the text. 

Acknowledgement. The author acknowledges the support and hospitality of the Max 
Planck Institute for Mathematics in Bonn where this paper was started during the author's 
stay there in Winter 2008. 



2. Notation and conventions 

Our notations are mostly standard. The base field k is assumed to be algebraically closed 
of characteristic 0. We identify vector bundles with locally free sheaves. If J-" is a sheaf of 
Ox-modules on an algebraic variety or scheme X, then nj^ denotes a direct sum of n copies 
of the sheaf J-", denotes the cohomology group of J-", h'^{J^) := dim if* (J^), and J-""^ 

denotes the dual to J-" sheaf, i.e. the sheaf J-"^ := T-Lomoxi.^ ^ Ox)- If 2' is a subscheme of X, by 
'^z,x we denote the ideal sheaf corresponding to a subscheme Z. li X = W and t is an integer, 
then by J^{t) we denote the sheaf J-"® (9pr(t). [J-"] will denote the isomorphism class of a sheaf 
J-". For any morphism of O^-sheaves / : J-" — ?■ J-"' and any k-vector space U (respectively, for 
any homomorphism /:[/—)■[/' of k-vector spaces) we will denote, for short, by the same 
letter / the induced morphism of sheaves id® f : U ® ^ U ® J^' (respectively, the induced 
morphism f ®id : U ® ^ U' ® J^). 

Everywhere in the paper V will denote a fixed vector space of dimension 4 over k and we set 
:= P{y). Also everywhere below we will reserve the letters u and v for denoting the two 
morphisms in the Euler exact sequence — )■ Cp3(— 1) A V'^ ® Ops A Tp3(— 1) — )• 0. For any 
k-vector spaces U and W and any vector G Hom(f/, W ® K^V^) C IIom(t/ ®V,W ® V^) 
understood as a homomorphism (p : U ®V ^ W ® V"^ or, equivalently, as a homomorphism ^0 : 

U W^A^V^, we will denote by the composition U®Op3 ^ W^A^V^^OfS A 1^(8)^^3(2), 

where e is the induced morphism in the exact triple — )■ A^f2p3(2) '^A A^V^®Cp3 A f2p3(2) — )■ 
obtained by passing to the second wedge power in the dual Euler exact sequence. Also, 
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shortening the notation, we will omit sometimes the subscript in the notation of sheaves on 
P^, e.g., write O, Q etc., instead of Ops, Qp3 etc., respectively. 

Next, as above, for any integer n > 1 by we understand a fixed n-dimensional vector 
space over k. (E. g., one can take k"^ for 

Everywhere in the paper for m > 1 we denote by the vector space S"^!!^ (g) A^y^, respec- 
tively, by Sm+i the vector space Hom(ifm, ® A^V^"^). For a given k- vector space U (re- 
spectively, a direct sum UQ)U' of two k- vector spaces) we will, abusing notations, denote by the 
same letter U (respectively, by U ©f/') the corresponding affine space V(f/'^) = Spec^Sym*!/'^) 
(respectively, the direct product of affine spaces V([/'^) x V([/'^)). 

All the schemes considered in the paper are Noetherian. By an irreducible scheme we un- 
derstand a scheme whose underlying topological space is irreducible. By an integral scheme we 
understand an irreducible reduced scheme. Also, by the dimension of a given scheme we un- 
derstand below the maximum of dimensions of its irreducible components. By a general point 
of an irreducible (but not necessarily reduced) scheme X we mean any closed point belonging 
to some dense open subset of X. An irreducible scheme is called generically reduced if it is 
reduced at a general point. 



3. Some generalities on instantons. Set M/„ 
In this Section we recall some well known facts about mathematical instanton bundles - see, 

e.g., mT\. 

For a given n- instanton E, the conditions ([I]), ([2]), Riemann-Roch and Serre duality imply 

(3) h\E {-!)) = h\E (-3)) = n, h\E ® n^^) = h^{E ® n^s) = 2n + 2, 

h\E) = h'^{E{-A)) = 2n-2. 

(4) h\E) = h'{E{-l)) = h^~\E{-3)) = h^-'{E{-4)) = 0, z ^ 1, h\E{-2)) = 0, t > 0. 

Furthermore, the condition ci{E) = yields an isomorphism A'^E ^ Ops, hence a symplectic 
isomorphism j : E E^ defined uniquely up to a scalar. Consider a triple {E,f,j) where 
E is an n-instanton, / is an isomorphism Hn H'^{E{—3)) and j : E E'^ is a symplectic 
structure on E. Note that, since ii^ as a stable rank-2 bundle, it is a simple bundle, i. e. any 
automorphism (f of E has the form (f = Aid for some A G k*. Imposing the condition that 
(p is compatible with the symplectic structure j, i. e. ip^ o j o ip = j, we obtain A = ±1. 
This leads to the following definition of equivalence of triples {E, f,j). We call two such triples 
{E, f,j) and (E'f',j') equivalent if there is an isomorphism g : E ^ E' such that g* o f = A/' 
with A G {1,-1} and j = g"^ of o g, where g^ : H'^{E{-3)) 4 H'^{E'{-3)) is the induced 
isomorphism. We denote by [E,f,i] the equivalence class of a triple {E,f,j). From this 
definition one easily deduces that the set F[e] of all equivalence classes [E,f,j] with given [E] 
is a homogeneous space of the group GL(if„)/{±id}. 

Each class [E, f,j] defines a point 

(5) A = A{[E,f,j])eS'H:®A'V'' 
in the following way. Consider the exact sequences 

(6) ^ fi^3 ® Cp3(-1) ^ Cp3 ^ 0, 

^ fi^3 ^ AV^®Cp3(-2) -> fij,3 ^ 0,0 ^ AV(g)Cp3(-4) ^ A^V^(8)Op3{-3) 4 fi^3 ^ 0, 
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induced by the Koszul complex of V (9p3(— 1) Of>3. Twisting these sequences by E and 
passing to co homology in view of (I2])-(|4]) gives the equalities = h'^{E ^ flfs) = h?{E ® VL^^) = 
K^iyE ® fips) and the diagram with exact rows 

(7) H\E{-A)) ® aV^ H\E{-3)) ® A^V^^ ^ H^{E ® ^1,) 



H\E)) H\E{-1)) ® H\E ® fips) 0, 

where A' := ii o o 12. The Euler exact sequence ([6]) yields a canonical isomorphism wps ^■ 
A^V"^(8>Op3(— 4), and fixing an isomorphism r : k A'^\^^ induces isomorphisms f : \^ K^V"^ 
and f : Wpa ^ 0^a{—A). Now the point A in ([S]) is defined as the composition 

f f , J 

(8) A: Hn®V ^ Hn® aV 4 /7^(E(-3)) O aV 4 H\E{-1)) O 1/'' 4 

where SD is the Serre duality isomorphism. One checks that A is a skew symmetric map 
depending only on the class [E, /, j] and not depending on the choice of r, and that this point 
A e /\^{H^®V^) lies in the direct summand S„ = S'^H^®/\^V^ of the canonical decomposition 

(9) a' (if^ ® V") = S^H^ ® aV^ © A^H^ ® 5V^. 

Here S„ is the space of nets of quadrics in Following [B3j . |Tlj and |T2j we call A the 
n-instanton net of quadrics corresponding to the data [E, f,j]. 

Denote Wa '■= ® V^/kerA. Using the above chain of isomorphisms we can rewrite the 
diagram ([7]) as 

(10) -kerA ^Hn(dV ^^Wa -0 



A 



c 



ker ® Wl 0. 



A 

T\l 



Here in view of (13]) dim Wa = 2n + 2 and qa '■ Wa — > WX is the induced skew-symmetric 
isomorphism. An important property of A = A{[E,f,j]) is that the induced morphism of 
sheaves 

(11) a'i-.WX® Cp3 %H^^V''® Op3 ^H^® Cp3(l) 

is an epimorphism such that the composition Hn ® Cp3(— 1) 4 Wa ® Cp3 4 WX ® O^s 4 
® 0p3(l) is zero, and E = ker(a^ o g^)/ Ima^. Thus A defines a monad 

(12) Ma: 0^/f„®Cp3(-l) 4 Vr^®Cp3 "'^4^iy;^®Cp3(l) ^0 
with the cohomology sheaf E, 

(13) E = E{A) ■=keT{aXoqA)/lmaA. 

Note that passing to cohomology in the monad J^a twisted by (9p3(— 3) and using f lT5]) yields 
the isomorphism / : Hn H'^{E(—3)). Furthermore, the simplecticity of the form qa in the 
monad Ma implies that there is a canonical isomorphism of Ma with its dual monad, and 
this isomorphism induces the symplectic isomorphism j : E E'^ . Thus, the data [E,f,i] 
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are recovered from the net A. This leads to the following description of the moduli space /„ 
Consider the set of n-instanton nets of quadrics 



(14) 



ML 



AeS, 



(i) Tk{A ■.Hn®V^H^®V'') = 2n + 2, 

(ii) the morphism : (g) Ops ^ Cp3(l) 
defined by A in ffTTj) is surjective, 

(m) h^{E2{A)) = 0, where E2{A) := ker(a^ o g^)/ImaA 
and qA '■ Wa WX is a symplectic isomorphism 
defined by A in ([10]) 



The conditions (i)-(iii) here are called Earth's coditions. These conditions show that M/„ 
is naturally endowed with a structure of a locally closed subscheme of the vector space S„. 
Moreover, the above description shows that there is a morphism 7r„ : M/„ In : A\^ [i?(A)], 
and it is known that this morphism is a principal G'L(iJ„)/{±id}-bundle in the etale topology 
- cf. [CTTj . Here by construction the fibre 7r~^([i?]) over an arbitrary point [E] G /„, coincides 
with the homogeneous space F\^e] of the group G'L(if„)/{±id} described above. Hence the 
irreducibility of {In)red is equivalent to the irreducibility of the scheme {MIn)red- 
The definition f|T^ yields the following. 



Theorem 3.1. For each n > 1, the space of n-instanton nets of quadrics MIn is a locally 
closed subscheme of the vector space Sn given locally at any point A G MIn by 



(15) 



2n- 2 
2 



2n^ - 5n + 3 



equations obtained as the rank condition (i) in [T4\ )- 
Note that from (1151) it follows that 



(16) 



dim[^] MIn > dim S„ — (2n^ — 5n + 3) = + 8n — 3 



at any point A G M/„. On the other hand, by deformation theory for any n-instanton E we have 
dim[£;] In > 8n — 3. This agrees with (fT6l) . since MJ„ — )■ J„ is a principal G'L(i7„)/{±id}-bundle 
in the etale topology. 

Let Sn = {[E] ^ In\ there exists a line / G of maximal jump for E, i.e. such a line / that 
h^{E{—n)\i) 7^ 0}. It is known [SJ that iS„ is a closed subset of of dimension 6n + 2, and /„ 
is smooth along Sn- Thus, since dim[E] /„ > 8n — 3 at any [E] G /„, it follows that 

(17) /; := /„ \ Sn 

is an open subset of /„ and {In)red is dense open in {In)red', respectively, 

(18) MI'n:=n-\l'n) 

is an open subset of M/„ and we have a dense open embedding 

. dense open 



(19) 



red 



[MIn] 



red 



For technical reasons we will below restrict ourselves to MJ^ instead of M/„. 

Remark 3.2. There exist smooth points of J„ - see, e.g., |NT] . Hence, there exist smooth 
points in MJ„. 
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4. Decomposition H2m+i — H^+i © H.^ and related constructions 



4.1. One result of general position for (2m + l)-instanton nets. 

Fix a positive integer m > 3 and, for a given (2m + l)-instanton vector bundle [E] G l2m+ii 
fix an isomorphism / : if2m+i ^ H'^iE{—3)) and set 

(20) i/4m := i^'(^(-4)), 1^4^+4 := H\E ® fipa)^ 

(Here we keep in mind the equalities ([3]) for = 2m + 1.) In this notation, the lower exact 
triple in ([7]) can be rewritten as: 

(21) ^ <^+4 ^ i/^Vi ® ^ 

We formulate now the following result of general position for (2m + l)-instanton nets of 
quadrics which will be important for further study. 

Theorem 4.1. Let m > 3 and let E be a (2m + l)-instanton, [E] G l2m+i> supplied with an 
isomorphism f : H2m+i H'^(E(—3)) and set Wim+i = H^{E © ^^ps)^, so that there is the 
injection W^^_^^ -ff^^+i ® defined in ( f^) . Then for a generic m- dimensional suhspace 
Vm of i?2^^+i one has 

W4I+4 nVm^V' = {0}. 

The proof of this Theorem has rather technical character, and we leave it to the end of the 
paper - see Appendix (section [TTj) . 

4.2. Decomposition H2m+i — Hm+i © Hm- 
Fix an isomorphism 

(22) ^ : Hm+l © Hm — H2m+1 

and let 

(23) Hm+i Hm+i © ^ Hm 

be the injections of direct summands. For a given (2m + l)-instanton vector bundle E, [E] G 
^2m+ii ^'^ isomorphism / : H2m+i ~> H'^{E[—2))) and a symplectic structure j : E E'^ . 
The data [E, f,j] define a net of quadrics A G M/g^,,,;^ (see section [3]), and the exact triple fl^ 
is naturally identified with the dual to the triple — )■ ker A — )■ if2m+i © ^ — W^i — )■ and fits 
in diagram (fTUj) for n = 2m + 1 

(24) -ker A i/am+i © VTa -0 



A 



QA 



ker H^,, © ^ Q_ 



Consider the composition 



(25) : ^^m+l © i^m+l © © i^™ © 4 i/2m+l © 4 

Under these notations Theorem 14.11 can be reformulated in the following way: 

(*) Assume m > 3 and let A be an arbitrary (2m + l)-net from Ml2m+i- Then for a generic 
isomorphism ^ : H2m+i Hm+i © Hm one has 

(26) kerAn(eoz^+i)(i7„+i©V) = {0}. 
Equivalently, j^^A '■ Hm+i © — )■ Wa is an isomorphism. 
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Consider the direct sum decomposition corresponding to the isomorphism fl22|) 

(27) ^ : Sm+l © Sm+l © Sm S2m+1 

and let 

(28) S2m+i -» Sm+i : A H- Ai{^), S2m+i S^+i : A ^ ^2(0, S2m+i ^ : A v-^ ^3(0 

be the projections onto direct summands. By definition, Ai{S,) considered as a skew-symmetric 
homomorphism Hm+i ®V H^^^ ® coincides with the composition 

(29) Ai(0 : © V Wa 'A W\ 'h El^^ © V\ 

This means that assertion (*) can be reformulated as: 

(**) Assume m > 3 and let A be an arbitrary {2m + 1) -net from Mli^^j^i- Then for a generic 
isomorphism ^ in [2^1 the skew-symmetric homomorphism Ai{^) : Hm+i ®V ^ -f^m+i ® 
is invertible. 

Now, using the notation ( l28l) . we can represent the net A G S2m+i considered as a homomor- 
phism A : Hrr,+i ®V ® Hm®V ^ iJ^+i © © © by the (8m + 4) x (8m + 4)-matrix 
of homomorphisms 

Alio \ 

-^2(0" ^3(0 J ■ 

This matrix is of rank 4m + 4 according to Earth's condition (i) in (fT4l) . On the other hand, 
by (**) we have rkAi(^) = 4m + 4, i.e. ranks of A and of its submatrix Ai(0 coincide. This 
yields, after multiplying the matrix A by the invertible matrix of homomorphisms 

1^ A2(0^oAi(0-^ id^^v^yv J 

from the left, the following relation between the matrices v4i(^), ^42(0 and A^i^,): 

(30) As{0 = -A2{0^oA^{0~'oA2{0, 

Remark 4.2. This relation means that A^l^,) is uniquely determined by Ai{0 and ^2(0- 
will use this important observation systematically in the sequel. 

For m > 1 let Isom2m+i be the set of all isomorphisms ^ in fl22|) and set 

(31) Ml2m+i{0 '■= {A E Ml2^j^i I the skew — symmetric homomorphism v4i(^) in ( 129|) 

is invertible}, ^ G Isom2m+i- 
In these notations we have the following result. 




Theorem 4.3. For m > 3 the following statements hold. 

(i) There exists a dense subset Isom^^.^^ 0/ Isom2m,+i such that the sets Ml2m+i{0^ ^ ^ 
Isom2m_,_i, constitute an open cover of MI!^^^^ . 

(a) There exists a dense open subset Isom^^+i o/Isom2m+i contained in lsom2m_^_^ such that 
the sets Ml2m+i{0^ ^ ^ Isom^^^.^^, are dense open subsets o/M/g^^^. 

(Hi) For any ^ G Isom^.^.^^ and any A G Ml2m+iiO relation ^3^) is true. 

Proof, (i)-(ii) Let MJg^,^! = Mi U ... U Ms be a decomposition of M/g^.^^^ into irreducible 
components. Consider the set U := {(^4, ,^) G Ml2j^_^i x Isom2m+i | ^i(0 • H^+i © V" — t- 
-f^m+i ® is invertible } with projections M/2„^_^ A f/ A lsom2m+i, and let Ui := U (1 
Mi X Isom2m+i with the induced projections Mi ^ Ui A Isom2m+i, i = 1, ...,s. By definition, 
U is open in M/g^^.^^ x Isom2m+i, hence each f/j is open in Mj x Isom2m+i- Moreover, the 
property (**) implies that PiiUi) = Mi, so that Ui is nonempty, hence dense in Mj x Isom2m+i 
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since both Mj and Isom2m+i are irreducible. (Note that Isom2ni+i is irreducible as a principal 
homogeneous space of the group GL{2m + 1).) Hence qiiUi) contains a dense open subset, say, 
Wi of Isom2m+i- Set Isomg^ , := U qi{Ui) and \soyvl^^,^ := fl Wi. By construction, the 

l<j<S 



l<j<S 



sets M/2m+i(0 — Q ^(Oj ^ ^ Iso™2m+i5 coustitutc an open cover of MJg^.,.]^. Respectively, for 
any ^ G Isomg^l^,^,]^ and each i, 1 < i < s, the set is nonempty open, hence dense subset 

in Mi. This yields that, for ^ e Isom^° i, the set MI!^^,^{^)) ~ g"^(0 = U g,~^(0 is dense 

l<i<s 

open in MJg^,^!. 

(iii) This follows from ([30]) and (**). □ 



We will need below the following lemma. 
Lemma 4.4. For ^ G Isom^^.,.;,^ and A G Ml2m+i{0' 

(32) B:=A,{i), C:=A2(0. 

r/ien ^/ie following statements hold, 
(i) Consider a suhhundle morphism 

(33) a^^A ■■= j^} oaAO^: [H-m+i © Hm) ® Cp3(-1) ^ Hm+i ®V ®0^3. 
Then there exists an epimorphism 

(34) Ag,^ : coker(5 o a^^^) ^ ® C>p3(l). 
making commutative the diagram 

(35) Hii,^, ® Cp3 coker {B o c^^a) 



Op3(l) 



where can is the canonical surjection. 
(a) Consider the commutative diagram 



(36) 



Cp3(-1) 



{Hra+l © i/„^) © Op3(-l) — Hl^^ © © a 



H.ra+l © C'p3(-1) 



Bom rT\/ ^ t r\/ ^ /n voB^ 



Hl^^ © © a 



coker (i? o o^^a) ^ 

'//„+l©Tp3(-l) -0 

i7^©dp3(-l). 



where t^^a o^nd e^^A o^re the induced morphisms. Then the morphism t^^a is a suhhundle mor- 
phism fitting in a commutative diagram 



(37) 



Hl^, © © Op3 ^ © Tp3(-1) 

Cou 

© Cp3(-1) — Hra © (3p3(-l). 
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Proof, (i) Consider the commutative diagram 
(38) 



i^2m+l ® C(-l)>- 



Wa^O 



1A 



"5, A 



Hm+1 © Hm) ® 0{-l) Hrn+l ®V®0^ Hl_^^ ® ® O -^\R^^, © ® 0{1) 



Hm+l ® 0{-l) 



Here the upper triple is the monad f[T^ for n = 2m + 1. Whence the statement (i) follows, 
(ii) Standard diagram chasing using f l5Ul) . fl5^ and diagram fl5Bl) . □ 



4.3. Remarks on t'Hooft instantons. 

Consider the set 

li^^i ■■={[E]ehm+,\h%E{i))^o}, 

of t'Hooft instanton bundles and the corresponding set of t'Hooft instanton nets 

h/TT^H ._ -l( jtH \ 

We collect some well-known facts about /2m+i ^^e following Lemma - see |BT] . |NTj . [T2t 
Prop. 2.2]. 

Lemma 4.5. Lei m > 1. T/ien t/ie following statements hold. 

(i) /2m+i irreducible {10m + 9) -dimensional subvariety of l2m+i- Respectively, MIl^_^^ 

is an irreducible (4m^ + 14m + 10) -dimensional subvariety of l2m+i- 

r^^y' ^2m+i •= -^2m+i -^2m+i ^ smooth dcnsc opcn subset of I^m+i (^''^d 

(39) h\E{l)) = 1, [E] G 
(^mj MI^_^i is a smooth dense open subset of the set 

2m+2 

TH2m+i ■■= {A G Sam+il^ = ^ /i^ where h G H^rn+i,^ ^ ^V^, w Aw = 0}. 

j=i 

We are going to extend the statement of Theorem 14.31 to the cases m = 1 and 2. To this end, 
for m = 1, 2 and ^ G Isom2m+i consider the sets Ml2m+i{0 defined in fl?Il) and set 

(40) M/L+i := , U MJ2^+i(0, m = 1, 2. 

For m = 1,2, fix an isomorphism G Isom2m+i, • -^m+i © Hm — ?■ -f^2m+i and fix a 
basis {/ii, /i2m+i} in H^^rn+i such that {/ii, km} in -^2^^+! and {hm+2, /i2m+i} in -^2^^+15 
respectively, let ei, ...,64 be some fixed basis in V'^ . Consider the nets A^"^^ G TH2m+i, m = 
1,2, defined as follows 

(41) A^^'> = hl® (ei A 62 + 63 A 64) + hl® (ci A 63 + 64 A 62), 

A(^) = /ii ® (ei A 62 + 63 A 64) + hl® (ei A 63 + 64 A 62) + hl® (ci A 64 + 62 A 63). 
It is an exercise to show that, in the notation of (1281) . the homomorphisms 

AS'")(e°) : if^+i Hl^, ®V\ m = 1, 2, 

are invertible. On the other hand, for a given ^ G Isom2m+i, the condition that a homomorphism 
74i(^) : Hm+i -^m+i © is invertible is an open condition on the net A G TH2m+i, 

respectively, on the net A G S2m+i- Since the sets MJg^.,.]^, m = 1,2, are irreducible (see 
[CTTj ) , this together with Lemma 14.51 yields the following corollary. 
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Corollary 4.6. (i) Form =1,2 the set Mli^^j^^ is a dense open subset of MI!^^^-^ and of 
Ml2m+i, o,nd the statement of Theorem \4.3\ extends to the cases m = 1 and 2, if we substitute 
^^2m+i ^^2m+i ^'^^ take for lsom2^_^_-^ = lsom2^_^_^ any nonempty open subset of lsom2m+i 
contained in the set G Isom2m+i | Ml2m+i{0 0}- 



(a) Let m> 1. The set 



^H.. ._ j MJ^^^i n MIZX^, m = 1, 2 



is a dense open subset of Ml2^*^_^, respectively, of MI^^^i- 
( Hi ) For m > 1 let 

The set 

(42) Isom*^+i := G Isoma^+i | M/*^+i(0 ^ 0} 

is a dense open subset of Isom2m+i such that MI^^,^^ is covered by dense open subsets 

Remark 4.7. From the definition of the sets Isom^^^,]^, MlZ_^]^{^) and Isowl^j^-^ it follows 
immediately that lsom*^+i C lsom°„+i and Ml^^^i^) C Mhm+iiO for ^ ^ Isom^^^^. 

Now (fT9|) . Theorem 14.31 and Corollary 14.61 yield 

Corollary 4.8. Let m > 1. Then for any ^ G Isom^^^,-,^ (respectively, for any ^ G Isom^^^^^j^-i^j 
the scheme {Ml2m+i{0)red is open (respectively, dense open) in {Ml2m+i)red- In particular. 



(43) dimAMJ2„+i(0 = dimAMJ2^+i, AeMhm+iiO. ^ e Isoml 



00 

2m+l- 



5. INVERTIBLE nets of QUADRICS from S-m+i AND SYMPLECTIC RANK-(2m + 2) BUNDLES 

5.1. Construction of symplectic rank-(2m + 2) bundles from invertible nets of 
quadrics from S^+i. 

In this subsection we show that each invertible net of quadrics B G Sm+i naturally leads to 
a construction of a symplectic rank- (2m + 2) vector bundle E2m+2{B) on F^. Let us introduce 
more notation. Set 

(44) S^_|_i := {B G Sm+i I B : Hm+i Hm+i ® is an invertible homomorphism}. 

The set S[^_,_i is a dense open subset of the vector space S^+i, and it is easy to see that for any 
B G S'^_^_^ the following conditions are satisfied. 

(1) The morphism B : Hm+i (S) 0^3 (—1) — )■ H^^-^ f2p3(l) induced by the homomorphism 
B : Hm+i Hm+i ® V"^ is a subbundle morphism, i.e. 

(45) E2m+2iB) := coker(5) 
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is a vector bundle of rank 2m + 2 on P'^. This follows from the diagram 
(46) 





^ ^2^+2 (5)^ if^+i ® Tp3(-1) — ^ H^^, ® Op3(l) 







(2) The homomorphism : Hm+i ^ ® A induced by B : if^+i ^ H^^^ ® V"^ 

is injective. This follows from the commutative diagram extending the upper horizontal triple 
in im 



(47) 



Hl_,,®Tr^{~2) 



® Op3 — H";!^,,^ ® aV^ ® Op3 H\E2m+2{B){l)) ® Op 



i/,n+l ® Off 



i/:;:,i®(^P3(2) 



^2,n+2(5)(l) 



where w is the morphism induced by the morphism v from the Euler exact sequence in (H6 
From this diagram we obtain an isomorphism 



(48) 



coker(«S)~i7°(S2m+2(5)(l)). 



(3) Diagram f l46p and the Five-Lemma yield an isomorphism 



(49) 



9 : E2m+2{B) ^ E2m+2{By 



which is in fact symplectic, 



9^ = -9, 
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since the homomorphism B : Hm+i (8) V" — ?■ H^^^ (g) V"^ is skew-symmetric. The isomorphism 6 
together with the upper triple from f l46|) and its dual fits in the commutative diagram 



(50) 







® Cp3(-1) 



B 







E2m+2{B) 



H^+i ® Op3(-l) ^ Hl^^ ® Opa ^ Hm+i ® Tp3(-1) 



Op3(l) 







0. 



Note that the upper horizontal triple in ( 14611 immediately implies 

(51) h\E2n.+2{B)) = h\E2m+2{B){-2)) =0, Z > 0. 



5.2. Relation between instantons and rank-(2m + 2) symplectic bundles. 

For m > 1 let ^ G Isom^,^,,,^ and A G M/2m+i(0- ^^is subsection we relate an instanton 
vector bundle E{A) to a symplectic rank-(2m + 2) vector bundle E2m+2{B) for B = Ai{^). We 
will show that E{A) is a cohomology sheaf of the monad fl55|) defined by the data (^, A) with 
E2m+2{B) in the middle - see Lemma [5?T1 

In fact, since ^ G Isomg^,,.]^, the homomorphism B : i^m+i ® — ^ Hm+i ® by definition 
lies in S^_,_]^. Hence by Lemma [4.41 the diagram (l37j) holds. This diagram together with fl50l) 

implies 5^ o r^^^ = (note that in (!37|) im(C o m) c -ff^+i ® f2p3(l) since C G Sm+i), so that 
there exists a morphism 



(52) 



p^^A : ® C»(-l) ^ E2m+2{B) 



such that r^^A = 6^06^0 p^^^. Since t^^a is a subbundle morphism, p^ A is also a subbundle 
morphism. Moreover, diagrams (1371) and (1501) yield a commutative diagram 



(53) 




E2m+2{B) 



Hm+1 ® Tp3(-1) 



Diagrams ( 15U]) and (|S^ yield a commutative diagram 
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(54) 



Dc 




B- 



Hrn+l ®V ®0, 



where Dq '■= —C^ o B ^ o C = —u^ o [C^ o B ^ o C) o u is the zero map. In fact, by fl5U|) and 
fl32|) we have Dc = P2(^3(0)> where p2 : A'^{H^, ® V"^) A'^H^ (g) S'V^ is the projection onto 
the second direct summand of the decomposition ([9]). Since by ( 128|) ^3(0 li^s in the first direct 
summand of (|9]) it follows that Dc = 0. We thus obtain a monad 



(55) O^Hra® Oi-1) ^ E2m+2 

with cohomology sheaf 

(56) E2{^,A) ■.= keT{pl^oe)/lmpi:,A 

which is a vector bundle since p^^A is a subbundle morphism. Furthermore, by f lSTj) it follows 
from the monad f lS^ that -^2(^5 ^) is a (2m + l)-instanton, 

(57) [E2{^,A)]e 

Lemma 5.1. E2{i,A) ~ E{A), where the sheaf E {A) is defined in / fl^) . 

Proof. Diagram chasing using (ED]), ([2S])-(IM]), (I1S])-(I1ZD and □ 



C(l) ^ 



6. Scheme Xm- An isomorphism between Xm and an open subset of the space 

red 



In this section we introduce a locally closed subset Xm of the vector space S^+i © S^+i and 
prove in Theorem 16. II below that this subset, considered as a reduced scheme, is isomorphic to 
the reduced scheme {Ml2m+iiO)red for any ^ E Isomg^,^]^. The set X^. is defined as follows: 
(58) 

(i) {C" o B-^ o C ■ Hm®V ^ Hi® y^) G S^, 



X„ 



(5,C)gS^+ixS 



m+l 



(u) the map {Hm+i © -f^m 

is a subbundle morphism, 

(iii) the composition C : -f^^+i © A'^V^ 

© AV7lm(»5) ~ ffO(E2^+2(S)(l)) yields 
a subbundle morphism 

i7„®Op3(-l)''^'^E2^+2(S), 

i.e. p^c* is surjective and E2{B,C) := Ker(*pB_c')/ Im(pB,c') 
is locally free 
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By definition is a locally closed subset of S^^^^^ x S^+i- Hence it is naturally endowed with 
the structure of a reduced scheme. 

Note that in the condition (iii) of the definition of we set *Pb,c •= Pbc ° ^' where 
: E2m+2{.B) —)■ -E'^m+2(-^) is the natural symplectic structure on E2m+2{B) defined in (H^ . 

Theorem 6.1. Let m > 1 and let ^ E Isomg^,,.]^ . 
(i) There is an isomorphism of reduced schemes 

(59) fm-. {Mhm+iiOUd^X^: A ^ (Ai (0,^2(0). 
(a) The inverse isomorphism is given by the formula 

(60) Qm-. X„4(MW(0).ed: {B,C)^ C, -C^o5-ioC)E 

Proof, (i) We first show that the image of the map fm '■ {Ml2m+i{0)red — ^ ^m+i ^ ^m m+i li^s 
in Xm, i.e. satisfies the conditions (i)-(iii) in the definition of X^- Indeed, the condition (i) is 
automatically satisfied, since ([28]) and ([30]) give -C^ oB'^oC = -^2(0"^ ° ° ^2(0 = 

A^^C,) G S'^H^ ® /\^V^ . Next, the morphism defined in (ISHliii) above coincides by its 
definition with the morphism p^^A defined in ( 152]) . In fact, the upper triangle of the diagram 
(IS5]) twisted by 0{1) and the lower part of the diagram (ITTl) fit in the diagram 
(61) 



^ i/, 



m+l 



o 



m+l 



o 




2m+2 



(E)(1)) ®0 







2m+2 



0, 



where the composition C = can o C is defined in the condition (iii) of the definition of Xm- 
Whence 



(62) 



PB,C — P(,A- 



Since p^^A is a subbundle morphism, the condition (iii) is satisfied and, moreover, C is a sub- 
bundle morphism as well. Thus, the lower part of the diagram f l6ip shows that the morphism 
{B, C) : {Hm+i © Hm) O — 7- -f^^+i ® ^(2) is a subbundle morphism. Hence its composition 
with the subbundle morphism t>^ : H^^^ © Q{2) )■ -ff^+i ® ^ ® ^'(l) is a subbundle morphism 
as well. By definition, this composition coincides with {B, C) o u. Hence the condition (ii) in 
the definition of Xm is satisfied. 

This shows that /m((^-^2m+i(0)red) hss in Xm- Finally, the equality gm ° fm = id follows 
directly from (125]) and ([50]). 

(ii) We first prove that the image of the map 

{B,C) ^ [B, C, oB-^oC)E 



(63) 



2m+l 



lies in {Ml2m+i{0)red- In fact, the subbundle morphism A := {B, C)ou : (i^m+i 
V"^ C'(l) and its dual extend to the right and left exact sequence 



(64) ^ {Hm+i 



A 



Hm) ® Oi-1) A i/X+l ® V 



O ^'°4" (Hm+l © © 0(1) ^ 0. 



^Here we use the decomposition (|?7)) fixed by the choice of ^ 
2 



2 We identify here the triple {B, C, o B-^ o C) with a point in i/y 



2m+l 



I A^y^ via the decomposition 
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Furthermore, by definition o B ^ o A = u"^ o A o u, where A is the matrix 

B C \ 

o B^^ o C ] ' condition (i) of fl58|) is satisfied, under the direct sum 

decomposition (!27|) this matrix A can be treated as an element of S2m+i- Hence o A o -u = 0, 
i.e. is a monad. We will show that its cohomology bundle 

E{B, C) := ker(^^ o B'^)/ ImA 

is an (2m + l)-instanton, and this will give the desired inclusion g{Xm) C {Ml2m+i{0)red- For 
this, consider the diagram fl36l) in which we substitute B o a^^A by A, denote Q := coker ^, and 
change the notation for t^^a and e^^A, respectively, to tb,c and €3,0- 



(65) 



Bou 



(3p3(-l). 



<^B.C 



In these notations the diagram (150|) becomes the display of the antiselfdual monad 

(66) ^ ® o(-i) Hi^^ ® ® o ^ /j;;;^! ® o(i) ^ 

with the symplectic cohomology sheaf E2m+2{B): 

(67) ^2m+2(5) = ker(^z^)/Im(5 o u). 
Moreover, as in fl52|) and ( 153|) we obtain a subbundle morphism 

(68) pB,c ■■ ® 0{-l) ^ E2^+2{B) 
such that 



(69) 



tb,c = e' o 9 o pb. 



c, 



where 6* : E2m+2{B) A E2m+2{B) is a symplectic structure on E2m+2{B). In addition, as in 
( ISTll we have 

(70) /l°(E2„+2(fi)) = h\E2m+2{B){~2)) =0, 2 > 0. 

Furthermore, the antiselfdual monads f lMl) and ( 166|) recover the antiselfdual monad ( l55l) which 
in view of (l62l) becomes 



(71) -> Hrn ® 0(-l) ^ ^2^+2(5) 

with the cohomology sheaf E{B, C), 

(72) E{B, C) = keiiplc ° ^)/ Im(pB,c). 

Now dZOD and dH]) yield h\E{B,C)) = h\E{B,C){-2)) =0, z > 0, i.e. E{B,C) is an 
(2m + l)-instanton. 

Thus Im^fm C /2m+i(0- The fact that fm° dm = id follows directly from (159!) and (!60|l . □ 
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Remark 6.2. Note that, since the morphism C in the diagram ( l6Tl) is injective, it follows from 
this diagram that, for any m > 1, ^ G Isom2„_,_]^ and any A E Ml2m+i{C)^ ^^e monomorphisms 

Hm+i 4 ® a2\/^ 4 satisfy the condition Im(ttAi(0) n Im(M2(0) = {0}, i. e. 

dimSpan(Im(Mi(0), Im(M2(0)) = 2m + 1. 



7. Scheme Z^. Reduction of the irreducibility of to the irreducibility of 

Zm- Proof of main theorem 

7.1. Scheme and its open subset Z^. In this subsection we introduce a new set Z^ as 
a locally closed subset of a certain vector space (see fl77|) ) and endow it with a natural scheme 
structure. We then formulate Theorem 17.21 on the irreducibility of Zm- This Theorem plays a 
key role in the proof of irreducibility of /2m+i which we give in subsection 17.21 The proof of 
Theorem 17.21 will be given in the next section. 
Set 

(73) := h'Hl ® S^V\ := Hom(iJ„, ® aV^), 
and 

(74) (S^)° := {D D : Hl®^ ^ H^®V is invertible}. 
Note that (S^)° is a dense open subset of S^ and there is a canonical isomorphism 

(75) 4 {Sir : A ^ A-\ 



Consider the sets 

(76) Zra:= {{D,(t))ESl,X^r 



— )■ ® satisfies the condition 

e(z},0)GS„ 

and 

(77) Z^ := Z^ n {Slf X *™ 

(here we understand a point D G S^ as a homomorphism (g) — )• Hm ® V) and let Z^n 
be the closure of Z^ in S^ x By definition, is an open subset of Z^, respectively, a 
dense open subset of Zm- 

Note that there is a standard decomposition 

with induced projection onto the second summand 

(78) Qm-. A\H:i^®V'')^Am 
and the morphism 

h:Sl®^m^Am: (D, 0) ^ g™(e(D, 0)). 
By the definition of Z^ we obtain 

(79) Zm = h-\0). 

Clearly, the point (0, 0) belongs to Zm, i- e. Zm is nonempty. 

Convention: We endow Zm with the structure of a scheme-theoretic fibre h~^{0) of the 
morphism h. Respectively, Zm inherits the structure of an open subscheme of Zm- 
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Remark 7.1. From ( l79l) it follows that Zm may be considered as the zero-scheme {h*Staut)o 
of the section h*Staut of the trivial vector bundle Am ® Os^®^^, where Staut is the tautological 
section of the trivial vector bundle ® C^a™ of rank dim = 5m (m — 1) over A^- We thus 
obtain the following estimate for the dimension of Z^. at each point z G Z^, 

(80) dim^ Zm = dim/i"^(0) > dim(S^ x $^) - dim A^ = 3m(m + 1) + 6m^ - 5m(m - 1) 

= 4m(m + 2). 

In particular, if Z^ is nonempty, then 

(81) dim^ Zm > ^m{m + 2), z G Zm- 

In the next subsection we will use the following result about Zm- 

Theorem 7.2. (i) Zm is an integral locally complete intersection scheme of dimension 4:m{m + 
2). 

(a) The natural morphism Pm '- Zm — (S^)° : (-D, (p) ^ D is surjective. 
We begin the proof of this theorem in section [8] and finish in section [TOl 

7.2. Proof of the main theorem. 

In this subsection we give the proof of Theorem 11.11 Set 

(82) Xm ■-= {{D, C) G {Sl^.f X S^+i I {C' o D oC : Hm®V ^ H^^^V") e S™}. 

The set Xm has a natural structure of a closed subscheme of (S^^_J° x S^+i defined by the 
equations 

(83) o D o C e Sm- 

Since the conditions (ii) and (iii) in the definition (!58l) of Xm are open and Xm is nonempty 
(see Theorem 16.11) , it follows immediately in view of (1751) that Xm is a nonempty open subset 

of {Xm) red-i 

, open , ~ 

(84) %^Xm-^ {Xm)red- 

Fix a direct sum decomposition 

Hm+l Hm © k. 

Under this isomorphism any homomorphism 

(85) C G S„+i = Hom(if„, Hl^,) ® A V\ C : Hm®V ^ Hl^, © V\ 
can be represented homomorphism 

(86) C : Hm®V Hl®V'' © k^ © 
i.e. as a matrix of homomorphisms 



Respectively, any homomorphism D G (S^_,_]^)° C S^_,_]^ = S'^Hm+i © A'^V C IIom(if^_,_;^ 
Hm+i © V^) can be represented as a matrix of homomorphisms 

(89) D = 



(87) C = 

where 

G HomiHm, Hi) © A = t/; G := Hom(i7^, (k)^) © A 



Di A 
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where 

(90) G Si C Homing ® V\ H^®V), 

X e Lrn ■■= Hom(k'^, Hm) ® aV, /i e := Hom(k^, k) ® aV. 
From (IHTll and ( l89l) it follows that the homomorphism 

o D o c : i/^ ® F ^ if;;;; ® v^^, o d o c g A2(i/;;; ® r^), 

can be represented as 
By (IHZD-linni) we have 

S^_l_]^ X Sm+l = X $m X ^ L„j X M^,, 

and there are well-defined morphisms 

Pm'. Xm^Lm® Mm : (-Dl, 0, Ip, A, /i) H-^ (A, fl) . 

and 

where X^, is the closure of X^ in (S^^^)° x Ti^+i- We now invoke the following proposition, 
the proof of which is postponed to Section [TTl 

Proposition 7.3. Let m > 1. Then, for any point D G (S^_,_]^)° and a general choice of the de- 
composition Hm+i — > H^n © k, the induced homomorphism Di in the matrix of homomorphisms 
D in 123) is nondegenerate. 

According to this proposition, we fix such a decomposition Hm+i Hm © k for which the 
homomorphism Di : ® V"^ — )■ Hm ® in ( l89l) is nondegenerate, i.e. Di G (S^)°. 

Let X be any irreducible component of Xm and let X be its closure in Xm- Fix a point 
z = {Di,(f),ip, X, fi) G X not lying in the components of Xm different from X. Consider the 
morphism 

(92) / : : t ^ (Di,t20,tV^,tA,tV), /(I) = ^• 

(This morphism is well-defined by f l9T|) .) By definition, the point /(O) = (Di, 0,0, 0,0) lies in 
the fibre Pmi'^, 0). Hence, Pmi^, 0) n ^ 7^ 0. In other words, 

(93) p-i(O,O)^0, where p:=pm\X. 
Now from (19T!) and the definition of Xm it follows that 

(94) p-\0, 0) = {(Dl, 0, V^) G {Slf X X I 0^ o o G S„}. 

Comparing this with the definition (I77|) of we see that, set-theoretically, p~^(0,0) = Zm x 
^'m, so that 



(95) p-\0,0) C p-^(0,0) = p-^(0,0) = Zm X ^m. 
Respectively, scheme-theoretically we have embeddings of schemes 

1 , , schemes -, , , schemes -, ^ , srhpmps 

(96) p-'(0,0) C Pm\0,0) C p„i(0,0) = 'Z^x 
From dnS]) and Theorem 17.21 it follows, in particular, that 

(97) dim p"^ (0,0) < dimp;;^(0, 0) < dim + dim = 4m(m + 2) + 6m = 4m^ + 14m. 
Hence in view of (1^5]) 

(98) dim^ < dim p"^ (0,0) + dimL^ + dimM„ < 4m^ + Um + 6m + 6 = 4m^ + 20m -f- 6. 
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On the other hand, formula f|T6l) for n = 2m + 1, equahty fH3|) and Theorem 16. show that, 
for any point x E X such that A := gm{x) G Ml2m+i{0^ 

(99) 4m^ + 20m + 6 = (2m + 1)^ + 8(2m + 1) - 3 < dimA M l2„,+i{0 = dimX. 
Comparing ( l98l) with ( 199|) we see that all inequalities in (I971)-( l99|) are equalities. In particular, 

(100) dim p"^(0, 0) = dim(Z„ x *„) = dim^ - dim(L„ x M^). 
Since by Theorem 17.21 the scheme is integral and SO Zfji X 

is integral as well, (jHS]) and 

(llOOl) yield isomorphisms of integral schemes 

/im\ —1/n n\ schemes —l/n n\ schemes --l/^ schemes „ -^^ 

(101) P (0,0) = pj(0,0) = pj(0,0) = ZmX^m- 

Now we formulate the following Lemma, the proof of which we leave to the reader. 

Lemma 7.4. Let f : X ^ Y be a morphism of reduced schemes, where Y is a smooth integral 
scheme. Assume that there exists a closed point y eY such that for any irreducible component 
X' of X the following conditions are satisfied: 

(a) dim f~^{y) = dimX' — dimF, 

(b) the scheme-theoretic embedding of fibres {f\x')^^{y) C f^^{y) is an isomorphism of 
integral schemes. 

Then 

(i) there exists an open subset U ofY containing the pointy such that the morphism : 
f-\U) IS flat, 
(a) X is integral and 

(Hi) X is smooth at any smooth point of f^^{y). 

Applying the assertions (i)-(ii) of this lemma to X = X^, X' = X, Y = L^ x M^, y = 
(0, 0), / = Pm, and using fllOOp and fllOlj) . we obtain that Xm is an integral scheme of dimension 
Am^ + 20m + 6. 

It follows now from Corollary 14.81 and Theorem 16. II that {Ml2m+i)red is irreducible of dimen- 
sion 4m^ + 20m + 6 = + 8n — 3 for n = 2m + 1, i.e. the inequality f|T6|) becomes the strict 
equality. This together with Theorem 13.11 implies that Ml2m+i is a locally complete intersection 
subscheme of the vector space S2m+i- We use now the following easy lemma, the proof of which 
is left to the reader. 

Lemma 7.5. Let X be an irreducible locally complete intersection subscheme of a smooth 
integral scheme y such that X is smooth at some point. Then X is integral. 

Applying this Lemma to X = Ml2m+i, y = S2m+i and using Remark 13. 2[ we obtain 
that Ml2m+i is integral. Since Tr2m+i '■ Ml2m+i hm+i '■ A [-E'(A)] is a principal 
GL(i72m+i)/{±^'^}-bundle in the etale topology (see section [3]), it follows that hm+i is in- 
tegral of dimension 16m + 5 = 8r2 — 3 for n = 2m + 1. This finishs the proof of Theorem 

Remark 7.6. Consider the natural projections pi : X„i — > L^ x x pjj : X^ 

X Lm X Mm X ~ Sm+i X and p : ^ S^+i x ^ S^+i. From ffTOT]) it 
follows that pj^{0,0,0) ~ Z^- On the other hand. Theorem 17.21 shows that the projection 

p' : Zm ^ (Sm)° — ^ Sm is dominant, hence, for a general point Di G Sm, the fibre 
p'~^{Di) is an integral scheme of dimension dim Zm — dimS^ = m(m + 5). This fibre in 
view of the equality pj^{0,0,0) ~ Z^ coincides with the fibre pJj{Di, 0,0,0), and we thus 
have dimp7/(i:)i, 0,0,0) = 5m(m + 1) = 4m2 + 20m + 6 - (3(m + l)(m + 2)/2 + 6m) = 
dimXm — dim(Sm x ^'m). Thus, applying Lemma 17^ to X = X' = X^, Y = L^ x M^,, y = 
{Di, 0, 0, 0), / = pij, we obtain that pjj is a dominant morphism. A fortiori, 

P '■ Xm — S 

m+l • 
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is a dominant morphism. 



8. Study of Z^. Beginning of the proof of Theorem 17.21 

In this section we begin proving Theorem 17.21 on the irreducibihty of Z^. In subsection 
18.11 we first treat the case m = 1. Next, we obtain explicit equations of Z^ under a fixed 
decompomposition of Hm into a direct sum of Hm-i and k. In subsection 18.21 we formulate the 
main result of this section - Proposition 18.11 - which is a part of the induction step in the proof 
of Theorem 17. 2[ (The rest of the proof of Theorem 17.21 will be given in the last subsection of 
Section [TUl) In subsections 18. 3115751 we study in detail the explicit equations of Z^ and as a 
result obtain the proof of Proposition 18. 1[ 

8.1. Explicit equations of Z^ in (S^)*^ x We proceed to the proof of the irreducibihty 
of Zm by increasing induction on m. For m = 1 clearly = 0, so that the equations 
{0i(Di,0i) G Si} of Zi in (A^(k^ (g) are empty, i.e. scheme-theoretically we have 

Zi = (A2(k^®r^))°x$in"Ail 

Thus Zi is integral dense open subset of A . 
Now fix an isomorphism 

(102) Hm-i © k ^ if„ : ((ai, am-i), am) ^ (ai, a^)- 
Under this isomorphism any homomorphism 

(103) (f): Hm^V ^ H^^V", e = RomiHm, ® aV^). 
can be represented homomorphism 

(104) : Hm-i ®V®li®V ^ Hl_, ® © k^ ® V^, 
i.e. as a matrix of homomorphisms 



(105) ^ 
where 

(106) 0„_i e = RomiHm-i, Hl_^ ® aV^), e ^m-i := Hom(i7„„i, k^ © aV^), 

X e Hom(k, Hl^^ © aV^) = ^ e Be := Hom(k, k^ © aV^) = Si. 

Respectively, a homomorphism 

(107) ^ e S^ C ^om{Hl © V", Hm © V) 
can be represented matrix of homomorphisms 

(108) I 
where 

(109) I^m_i G S^_i C Hom(i7;;;_i © V , H^-i © K), 

a G Hom(k'', i7„„i © aV) = *,^_i, a G B„ := Hom(k'', k © aV). 

Note that the data fll06p and (11091) yield isomorphisms 

(110) S^ 4 B„ X X S^_i, $™ 4 $^_i X ^rn-l X *™_i X Be, 

and hence an isomorphism 

(111) S^ X 4 Be X B^ X X S^^^.^ x $„_i x *„_i x *^_i : 
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(D, (p) (9, a, a, Dm-i, ^, x)- 
From f llOSp and f llOSp it follows that the homomorphism 

can be represented matrix of homomorphisms 



where 

(113) QiiD, (f)) := o Drn-i o + oao^-^^oa^o + Q ^ Q ^ ^ 

G A2(ij;;',_i ® V") C Hom(if;;,_i ® V\ ® K), 

6(D, 0) := o o X + o a o ^ - o o X + o « o ^ G 

GHom(iJ„_i®y,k^®F^), 
/3(D, 0) := x"" o ^m-i ox + x''oao^-^^oa''ox + ^''oao^GBe. 
In these notations can be described as 



(114) Z„=<'(Z},</))g(S:J°x$„ 



(z) 0i(Z},0)gS„_i, 
(ti) b{D,(f)) G 



(Note that the condition /3{D, 0) G Si here is empty.) 

We thus have the following explicit equations of Z^, in the open subset (S^)° x #m of the 
variety x where we consider x $m as the direct product Bg x Bq, x x S^_i x 

^m-i X X via dm]): 

(115) 0i(£', 0) := 0^_i o o 0„_i + 0^„^ oao^-^^oa^o 0^„i + tp"^ o a o e S^-i, 

(116) 6(D, 0) := (Pl^, o o X + 0l_i o a o - o o X + o a o e G 
These equations will be used systematically in the next subsections. 

8.2. Part of induction step in the proof of Theorem 17.21 

We first introduce some more notation. Set 

(A^V)° := {a G A^V \ a : V'^ ^ V is an isomorphism}, 
(aV^)° := {a G | a : V ^ is an isomorphism}. 

Consider the projective space P(A^y^) together with the Grassmannian G = G(l,3) C 
P(A^V^) embedded by Pliicker. Take any two points a G (A'^V)^ and b G (A^l^^)^ such 
that the corresponding points < > and < 6 > in P(A^l^^) are distinct. The projective line 
P^{a,b) := Span(< a"^ >, < 6 >) joining these points intersects the quadric G in two points, 
say, {yi,y2}, not necessarily distinct, and let Fj--^{a,b), i = 1,2, be the two disjoint lines in 
corresponding to the points yi,y2- Set 

(117) L{a,b) :=Pfi)(a,6)UP;2)(a,&). 

Next, note that there are natural isomorphisms S\ ~ A'^V and ^ A^\^^, and, for any m > 2, 
the induced isomorphisms 

(118) Us := © (S^)(,) ~ © A^ := © ($i)(,) ~, © A^ V\ 

1=1 1 i=l 1=1 

where (S^)(j) and ($i)(i) are copies of and $i, respectively. Furthermore, any isomorphism 

(119) h:Hi®...®Hi^Hm 

' V ' 

m 

induces embeddings f/s ^ and ^ hence an embedding 

(120) T,,:UsxU^^ Si X 
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Note also that the set 

(121) Ws^ := {(P(i), D^ra)), (0(1), •-, 0(m))) E Us X \ the subsets L{D^i), 0(,)) of P^ 

1 < 2 < m, are well defined, pairwise disjoint and not lying on a quadric} 

is clearly a dense open subset of Us x U^. 

The aim of the rest of this section is to prove the following proposition which is a part of the 
induction step m — 1 m in the proof of Theorem 17.21 



Proposition 8.1. Let m > 2 and let Z^-i satisfy the statement of Theorem 7.2. Then there 
exists an irreducible component Z of such that: 

(i) let Zm = Z UY be the decomposition of Zm into components; then Z^ := Z \ {Z HY) is 
an integral locally complete intersection subscheme of (S^)° x 

(ii) dimZ = Am{m + 2) and the natural projection Pm\z '■ Z — )■ (S,^)*^ : {D,(j)) ^ D is 
dominant; 

(Hi) there exists an isomorphism h in U19\) such that, in the notations U20\) and U21\) . 
Znrh{Ws^)y^(D. 

Before proving this proposition we need some preliminary remarks. 

First, consider the case m = 2. In this case -Dm-i = Di E A^V, (pm-i = 'Pi E A^V"^ and 
a, a E A^V, ip,Xj^ E A^V"^ so that the equations f lllSp become empty, and the equations (11161) 
become: 

(122) (01 o Di — ipi o a) o — o a — tpi o a) o 9 E aV. 

Now one can easily check that, for a general point x = {Di, 0i, ip, a, a) E {A'^V)^x (A^K^)^^, the 
equations (11221) as a linear system on the pair {x,9)) E (A^l^^)^^ has maximal rank equal 10. 
Thus the space of solutions of this system as a subspace of (A^l^^)^^ has dimension 2. This 
means that there exists a component Z of Z2 with projection pz ■ Z ^ (A^V)° x (A^V^)^^ : 
{Di, 01, -0, a, a, X, 6) ^ {Di, 0i, "0, a, «) with a smooth fibre = Pz^{x) of dimension 2. Hence, 
in particular, Z is generically reduced and dimZ < dim((A^V^)'^ x (A^V"^)^^) + 2 = 32. On 
the other hand, since (11221) is a system of 10 equations of Z2 in (83)° x $2, it follows that 
Z as irreducible component of Z2 has dimension > dim((S2)'' x $2) — 10 = 42 — 10 = 32. 
Hence dimZ = 32 and pz is dominant. As a corollary, the projection P2\Z : Z — t- (82)*^ : 
(Di, 01, ip, a, a, X, 0) ^ (-Di, a, a) is also dominant. Moreover, since is smooth and pz{.Z) is 
smooth as a dense open subset of {K^V)^ x (A^V^)^^, it follows that Z is generically reduced. 
Now we use the following remark. 

Remark 8.2. Let A" be a locally closed subscheme of an affine space defined locally by 
equations. Let X be an irreducible component of X and let X^ be a complement in X of its 
intersection with the union of other possible components of X. Let X be generically reduced 
and let dim X = M — N . Then X^ is an integral locally complete intersection subscheme of 

Applying this remark to the case X = Z2, A"^^ = (A^V^)° x (A^K^)^^, we obtain from the 
above that the statements (i)-(ii) of Proposition 18.11 are true for Z. Now an explicit computation 
shows that the statement (iii) of this Proposition is also true for Z. We thus have proved 
Proposition 18.11 for m = 2. 

We proceed now to the proof of Proposition 18.11 for m > 3. For this, note that, by the 
assumption, Z^-i is an integral subscheme of (8^j_]^)° x ^m-i such that 

dimZ^-i = 4(m^ — 1) 

and the natural projection Pm-i '■ Zm-i i^m-i)^ '■ (-Dm-i,0m-i) ^ Dm-i is surjective: 



(123) Pm-l{Zm-l) = (8 



\0 



m—1/ 



V \int ._ ^D^_^ ^ (S^_i)° I the fibre p^{Dm-i) is integral of dimension (m - l)(m + 4)} 
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Hence, since dim(S^_]^)° = 3m(m — 1) and so dimZ^fi-i — dim(S^_;^)° = (m — l)(m + 4), it 
follows that the set 
(124) 

is a dense open subset of (S^_]^)°; respectively, 

(125) ^r-i:=p;;-i((s^i)^"*) 

is a dense open subset of Zm-i- 

Next, using f illip and the embedding )■ x consider the projections 

(126) prm : X $^ ^ Be X B„ X x S^_i : (D, <p) = (9, a, a, Dm-i, 0m-i, ip, x) ^ 

t-^ (9, a, a, Drn^i), vr^ := pr^U„ : Eg x B„ x x S^.^ 

We are going now to study the fibre 

of the projection Hm over the point 

(127) := {9°, 0, D^.,) e B, x B, x x {Sl_,)'>, 
where 

(128) a° = (p,,) G A ~ B,, e° = (g,,) G A ~ B^, g., G k. 

Note that, by the definition of vr^, the fibre T^^niy^) naturally lies in x ^m-i x ^m-i^ 

(129) 7r-^(?/°) C X X 

Thus, substituting (11271) into (11151) and (I116p . we obtain the equations of 7r~^(?/°) as a subscheme 
of $m-i X *m-i X equatious in the variables (pm-i, X ^^nd 

(130) o o + Q ^0 Q ^ ^ g^^_^^ 

(131) 0:;_ioD„_iox + ^''oa°oeO G 

For an arbitrary point in (11270 . where -Dm-i £ (Sm_i)°, consider the set 

(132) F{9\ a°, Dm-i) := 7r„i(y°) H {x = ^ = 0}. 
It follows from ffT30D that 

(133) F(^°, «°, D„_i) ^ G I o Dm^i o G S,„_i}. 

Hence, U Fi9^, D^A = {(^°, a°)} x Zm-i- Moreover, the definition (1121) implies 

that for -Dm-i G (S.m-i)*"* the set ^(6^°, q;°, Dm-i) is irreducible of dimension (m — l)(m + 4) 
and, by ([III]), ([HSD and ffT32|) . 

(134) U F(^°,a°,D„_0 = {(^°,«°,0)}xZ-!,x{(0,0)}. 

8.3. Proof of Proposition I8.lt case m odd, first computations. In this subsection we 
prove Proposition 18.11 for the case of odd m, 

m = 2p+l, p > 1. 

Fix decompositions 

(135) H^^i ... © H2, Hi. 

■p 



■^Here and below we use a fixed basis Ci, 64 of V in order to understand points of A^V and A^F^ as skew 
4x4- matrices. 
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Under these decompositions consider the points -D^_i G (S^_]^)° and (f)^_i G ^m-i given by 
the matrices @ 



(136) 

where 
(137) 



D2 = D' ® D" eS^, D' 
(138) 



p 



\ 



( 



1 \ 

1 

) 



^11 </^12 
^21 022 



^2 



V-/ 

One easily checks that 
(139) 



e $2, 011 



AT 

-AT y 



-9 



( 



■>21 



—a g 
\-f -d 



, (P22 = 

a f \ 
-g d 

I 



1 \ 

N 



-N 



, iVGk, 



GAV\ a,d,/,(7Gk. 



^t^lY ° D^-l ° 0m-l e Sm_i, 



hence the point (/^^_i,0^_i) G x hes in Moreover, since D^.^ G (S^„i)°, 

it follows that 

(140) {Dt.,Ai-i) ^ Z^^,. 

In addition, it follows from f ll39p that the equations f ll30p are automatically satisfied for any 
tp G '^m-i- Now, substituting the data (6*°, -0^-1) 0m-i) i^^^ (11311) . we obtain the equations 
on (x,V'): 

(141) (0^i)" o o X + o a" o ^0 e 
Set 

(142) W^(^o, a", Dt.,^ <Pi_,) := {(x, V^) G x | (x, V^) satisfies (HH])}. 

Note that, since the equations 01411) on (XjV^) are linear, it follows that W{D^_^,(j)^_^,a^ ,6^) 
is a linear subspace of the vector space ^m-i x ^m-i — ^m-i ® ^m-i- 

Find the dimension of the vector space W{6'^, q;°, D^_^, 0m-i)- ^^is, using the decompo- 
sitions fll35p we represent x and ip as p-ples 

(143) X = (Xi,--,Xp), ^Z' = (^/'i,--,^/'p), '0fc,Xfc G *2, /c = 1,-.,P, 
where 

(144) Xfc = (^fc, n), V-fc = (^fc, 5fc), ^fc, n, v4fc, 5, G aV\ 
and 

(145) X, = ixff), n = iy^), A, = ia^^), B, = (iJff) 



"^Here and everywhere below the empty entries of matrices mean zeroes. Besides, we use the standard notation 
A = Ai®-.-® An for a direct smxi A of matrices Ai, A„ which is a block matrix with diagonal blocks Ai, A^ 
and the zero rest blocks. 



(150) M 
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are skew-symmetric 4x4- matrices. Inserting -D^_i and from (11361) into the system of 

equations (I14ip we rewrite this system as 

(146) 02^oD2OXfe + V^fe oa°o0O G *2, k = l,...,p. 

Substituting here -D2,02 and 6'-' from (11371) . (I138P and (I128P and denoting x[''^ = = 

Ak) Ak) _ Ak) Ak) _ (k) (k) _ (k) (k) _ Jk) Jk) _ (k) Jk) _ (k) (k) _ (k) (k) _ 
■^34 5-^3 ~ -^13 5-^4 ~ -^14 ) -^5 ~ "^23 ' -^6 ~ -^24 5-^7 ~ yi2 5-^8 ~ ^34 5-^9 ~ ^13 ? -^10 ~ 

yi4 5-^11 ~ ^23 '"''12 ~ 4/24 '"''13 ~ "l2 '"''14 ~ "34 '"''IS ~ "l3 '"''16 ~ "''14 '"''17 ~ "''23 '"''18 ~ 
(fc) (k) ,(fc) (fe) ,(fc) (fc) Ak) (k) Ak) (k) Ak) (k) Ak) , 

^4 '3^19 = Oi2 '3^20 = O34 '4i = Oi3 '^2 = 0^ , = 0^ , = 624 , we rewrite the system 
ffM as 

24 

(147) ^mi,xf = 0, z = l,...,20, A; = l,...,p, 

i=i 

where M := (mjj) is the 20 x 24-matrix with entries depending on A^, a, d, /, g,Pij, qij. 
Now a direct computation of the matrix M = {rriij) for 

(148) N = 101, a = 4, d = 6, f = 2, g = 5, 

(149) Pi2 = -9, pi3 = -2, pi4 = -4, J923 = 6, J924 = "3, ^34 = "7, 

gi2 = -4, gi3 = -4, gi4 = -2, ^23 = 3, g24 = -7, ^34 = 8, 
shows that M is the upper left block submatrix 

Mil M12 
M21 M22 

of the block matrix M given below in (ITST]) - (11861). From (ITSOD and fn:82|) -ffT86D it follows by an 
explicit computation that 

(151) rkM = 20. 

Hence, since the matrix of the system (11471) is a direct sum of p copies of matrix M, it follows 
that its rank equals 

(152) p-rkM = 20p= lO(m-l). 
Next, denote by 

(153) 0„_i, resp., a, 

the matrices obtained by inserting the entries (I148P into the matrix (/>^_i in (11361) . respec- 
tively, the entries (11491) into the matrices a" and 6^ in (11281) . In this notation, denoting by 
i?(^°, q;°, D^_i, 0^_i) the rank of the linear system ( 11411) as a function of 9^ , , D^_^, (f)^_^ 
we rewrite (11521) as 

(154) R{e, a, 0„_i) = 10(m - 1). 

Note that (D^_i,0^_ .1) G Zm-i by ( 11401) . and by ( I125p ^^li is irreducible and dense open 
in Zjn_i. In addition, since the maximal value of R{6^ , , Dm-i, (pm-i) equals 10(m — 1), the 
condition i?(^°, _i,0m_i) — 10(m — 1) imposed on the point (-Dm-i;0m-i) £ ^m-i is 

open. Hence it follows from (11540 that 

a) the set {Z'^U)° ■= {{Dm-iAm-i) G ^^"^i | R{e, a, D^-i, 4>m-i) = 10(m - 1)} is dense 
open in ^^-i' hence also in Zm-i- By (11230 this implies that 

b) there exists a dense open subset (S^_i)* of (S^_i)™* such that, for Dm-i € (S^_i)*, the 
set 

F{e, a, D„„i)° := F{0, a, D„_i) n (Z™!i)° 

where F(^°, D^-i) is defined in (11321) . is an integral scheme of dimension (m — l)(m + 4) 
and it is a dense open subset of F{6, cx, Dm-i)- 
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Now for e (S^_i)* set 

F := 7r„i(0, a, 0, D„„i), F = F{D^.,) := F(6>, a, D^_,) = F n {x = ^^ = 0}. 
From a) and b) it follows similar to fll34p that U F(Dm-i) is dense open in \(6, a)} x 

^m-i X {(0,0)}, hence 

(155) U FiD^.i) = {(6>,a,0)} x Z^-i x {(0,0)}, 
^)m-ie(s^_i)* 

where the closure is taken in x and we use the isomorphism fllllj) . 

Take an arbitrary point -D^-i G (S^_^)*. By h) F = F{Dm-i) is integral of dimension (m — 
l)(m+4) and contains a dense open subset F° such that, for any point w = {6, a, Dm-i, 4>'m-i) ^ 
one has -R(t(7) := a, ^^-i) = 10(m — 1). Fix such a point w which is smooth 
on F. We are going now to compute the dimension of the tangent space T^F. 

Note that by fll29p we consider F as lying in $m-i x ^m-i x ^m-i- Hence the equations of 
the tangent space 

T F 

are given by differentiating at w the equations f ll30p and fll3ip : 

(156) d4>m-lU'^_i ° ^rn-l ° 4>m-l + 4>'m-~l ° -Dm-1 O d(f)m^i\^'^_^ G S^-i, 

(157) o D^_, o dx\o + d^l^o oa'oe^e 

Here the equations fll56p coincide with the equations obtained by differentiating at w the 
equations 0^-1 °-Dm-i °(pm-i € Sm-i defining F as a subscheme of ^m-i- Since w; is a smooth 
point of F^, it follows that the equations (11560 define the tangent space T^F^ = T^F as a 
subspace of T^'^__^^m-i and 

(158) dimT^F = dimF= (m-l)(m-4). 

On the other hand, the equations (11570 just coincide with (llSip via identifying (xlo, '^V'lo) 
with (x,'^'), i-e. they are the equations of the subspace W{w) = W{6, a, D^-i, (pm-i) 
-^rn-i®'^m-i- Hcucc dim ^^(w;) = dim(*m_i©^„_i)-/?(w;) = 12(m-l)-10(m-l) = 2(m-l). 
In view of (11580 we have 

(159) dim^F < dimT^F = dimT^F + dim l^(w) = (m- l)(m + 4) +2(m- 1) = m^ + 5m-6. 

Note that, since F>„_i G (S^_i)° and a G S? (see ([128])), it follows that D = F>„_i©a G (S^)°, 
so that 

(160) w G Zm- 

In addition, dim(Be x B^, x x S^.J = dim(B0 x S^) = 6 + 3m(m + 1) = 3m^ + 3m + 6. 

Counting the dimension of the fibres of vr^ : — Bg x Bq, x x S'^_i ~ Bg x and 

using (I159P we obtain 

dim^ < dim^ F + dim(Be x S^) < (m^ + 5m - 6) + (3m^ + 3m + 6) = 4m(m + 2). 

Comparing this with (ISTIl we see that the above inequalities on dimensions are strict equalities. 
In particular, dim^;, Zm = 'im{m + 2) and dim^ F = dim T^^F = rn? + 5m — 6 and dim Tim{Zm) = 
(3m^ + 3m + 6) = dim(B6i x S^). This together with the assertion (iii) of Lemma [7.41 implies 
that there exists a unique irreducible component, say, Z of Z^, passing through w such that: 

(i) dimZ = 4m(m + 2) and Z^, respectively, Z is smooth at w; hence, in notations of 
Proposition 18. l( i) . Z^ is an integral locally complete intersection subscheme of (S^)° x $m (we 
use here Remark [8.20 : 

(ii) nm{Z) is dense in Bg x S^; respectively, PmiZ) = prs{7imiZ)) is dense in S^, where 
prs : Bg X — )■ is the projection. This gives proof of the statements (i) and (ii) of 
Proposition 18.11 
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Moreover, by a) and b) above, F = F{Dm-i) C Z for -Dm-i ^ (Sm-i)*? so that (11551) implies 
the existence of an embedding 



(161) 



{(6/,a,0)}xZ^_ix{(0,0)}cZ, 



where Z is the closure of Z in x In particular, similar to (I160p we have in view of 
dUDD: 

(162) := {6, a, 0, D^_,, 0^„i, 0, 0) G Z. 

8.4. Proof of Proposition I8.lt case m odd, last computations. In this subsection we 
prove the last statement (iii) of Proposition EH] in case of odd m. For this, consider the following 
modification of the data (ll36l) -( fT38l) : 

(163) D^_,{c, f, g) := D2{c, A, g,) © ... © D^ic, U, g^), 

f , g) := 02(e, fi,gi) © ... © 02(e, fp, gp), 



where 
(164) 

D'{c,fi,gi 



D2{c,fi,gi 



D'ic,fi,gi) 



D" 



2 5 



-1 cgi \ 

cfi 

-ch 1 

V -cgi -1 / 



z = l,...,p, D" 



-1 



1 \ 

1 



G aV, 



(165) (t>2{£,fi,gi 



'>2i{£,fi,gi 



h2{£, fi, gi 

022 



G $2 



'11 



\ 



N 



( 



^22 



1 \ 

N 

} 



(puis, fi,gi) 



-N 



£gi 



-£gi 



( 



fii gi 



ea efi ^ 
-egi ed 



.^^ ^g, G aV^, c,e,A^,a,rf,/i,^i G k, i = 1,...,p, 

y -efi -ed 

and where f = (/i, /p), g = {gi,...,gp) G k^. One easily checks that ° 
D^_^{c, f, g) o 0^_i(5) G S^_i, hence the point 

(D^_,(c,f,g),0^^i(£,f,g)) G S,):,_i X 

lies in Moreover, since (D^_i(0,f,g) = D^_, G (S^^^.i)" and (S^^.jo is open in S^^..^, 

it follows that, for any f , g G k^ there exists some dense open subset W(f, g) of k such that 
D^_i(c,f,g) G {Sl_,)', c G W(f,g). Hence, (D^_i(c, f, g), 0^_,(£, f, g)) G for c G 

W(f, g), so that, since is closed in S^_i x 

(166) (D^_i(c,f,g),0^^_i(£,f,g)) G c,£ G k, f,g G k^ 

In particular, take c = 1 and e = in (I163l) - fll65p . It follows immediately that the point 



w{f, g, e', a") := (/^,^i(l, f , g) © «°, 0^_i(O, f , g) © 9' 



^°,a°) G A^y^ X A'V, 



2t/V 
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is the image of the point 

{{D\l, A, ^0, .., D'{1, /p, g,),p", .^,jy'^, ( 0n, <PuA22, h2 , g°)) e Us x 

p p p 

under the embedding : Us^-U^ ^ x defined (up to a permutation of direct summands) 
as in flll9l) - fll20l) via the isomorphism 

(167) h : Hi ® . . . ® Hi ^Hm, m = 2p + 1, 

m 

determined by the decompositions (1135^ . 

On the other hand, by ffTTTD and ffT66l)_ we have w{f, g, 6, a) G {(0, a, 0)} x x {(0, 0)}, 
so that, in view of ( I16ip . w(f , g, 6, oc) e Z. Thus, 

(168) w{f,g,e,a) eZnrhiUsxU^), f,gekP. 

Note that D^„i(l, 0, 0) = -Dm-i, hence it follows from the definition of w{f, g, 9^, a°) that the 
point w{0, 0, 0, a) lies in Zm (cf. (11621) ). Since the condition w(f , g, 6'°, a°) G on the point 
(f , g, 9^, a^) e k^^ X A^y^ X is open, we obtain from (I168P that there exists a dense open 
subset U ek^P X A^V^ x A^V such that 

(169) w{i, g, 9', a°) G Z„ n Th{Us x U^), (f , g, a°) G W. 

Next, one easily sees that, for general fi,gi ^ the points D'{0, fi, gi), D'{1, fi, Qi) lie in 
(A^l^)° and, moreover, the projective plane Span(< D'{0, fi, gi)~^ >,< D'{^, fi, di)'^ >,< 
011 >) in P{a'^V'^) intersects the Grassmannian G = G{1, 3) in a smooth conic. This imme- 
diately implies that, in the notation of (I117p . for a general choice of fi, gi, f2, 92 G k, the sets 
L{D'{1, fi,gi)~^,(f)ii) and L{D'{1, f2, g2)~^ , 4>ii) are well defined and disjont. In other words, 
using the notation of flllSp and considering the projection onto the direct summand 

pr,^ -.UsxU^^ {{S\)^,) © (S^)(,)) X (($i)(,) © ($i)(,)) ~ (S^ © S^) x ($i © $i) 

for any 1 < i < j < m and taking the dense open subset Wij of Us x U^ defined as 

Wij ■.= prT^\{i{Di,D2),{(Pi,(l)2)) e (S^©S^)x(#i©$i) |the subsets L{D^\ (Pi) and LiD^', (^2) 

of P'^are well defined and disjoint}) 
are well defined, pairwise disjoint we obtain in view of (11691) that 

(170) ZnThiWi2)y^^. 

Now since the set Isom^ of all isomorphisms h in (I167P is a principal homogeneous space of 
the group GL{Hm) which is connected, it follows from (I170p that Zm H ThiWij) 7^ for a 
general h G Isom^ and any pair 1 < i < j < m. Hence, since Ws^ = H Wij by the 

l<j<j<m 

definition (I12ip of Ws^, we deduce that Z nrhiWsi^) 7^ 0. This finishes the proof of Proposition 
18. II for m odd. 

8.5. Proof of Proposition I8.lt case m even. 
The proof of Proposition 18 . 1 1 for the case of even m, 

m = 2p + 4, p > 00 

is completely parallel to that given above for the case of odd m. Namely, similar to (11350 fix 
the decompositions 

(171) Hm-i^H3® H2®. . .®H2 , H2^Hi®Hi, H^, ^ Hi ® Hi ® Hi. 

p 

^Note that we start with m = 4 since the case m = 2 has been aheady treated in subsection 18.21 
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Under these decompositions, similar to f ll36p consider the points -D^_i G (S^_^)° and G 
_i given by the matrices with diagonal blocks 

(172) Dt.^ ■.= D;® P2®. . .®D2 , <Pt-i 

V ' 

p 







012 


013 


022 


A021 


A012 


011 



(173) ^3 = ^2 © D\ 03 = I 021 022 ^21 | G *3, A G k, 

^31 

where D2, D' and 02, 0ij, j = 1,2, are given by fll37p - fll38l) and 

(174) 013 = (r,,) G aV\ 031 = [s,,) G aV\ 
where rjj, G k satisfy the additional relations 

(175) ri3 + = Si3 + Si4, 2 = 1,2. 

We now proceed along the same lines as before. In particular, it follows from ( 11381] and fll72p - 
(11751) that the relations fll39p and fll40p are satisfied for the point (D^_^, 0^_]^). Hence, as 
before, the equations (11300 are automatically satisfied for any ip G \l'm-i- Now, substituting 
the data (^°, 0^_i) from (fT28D and (fT72D - (fT7ip into (fml) . we obtain the equations 

on (x,^): 

(176) (0^„i)^ o Dt^, o X + o a" o ^0 e 

Next, using the decompositions (11710 we represent x and -0 as (p + l)-ples (cf. (I143p ) 

(177) X = (xo,--,Xp), = (V^o,--,^p), V'o,XoG*3, ^fc,Xfe e *2, A; = 1,--,P, 

where Xfc = (-^it, ^fc), V^fc = (^fc, -Bfc), = 1, are the same matrices of variables as in (I144p . 
and xo = (^0, ^^o, Zq), = (^0, ^o, Cq), Xq, Fq, ^, ^, ^o, Cq G aV^, i.e. 

(178) Xo = (4^), y^, = (yj°)), Z, = {z^^), A, = (aSf ), Bo = (fog^ O, = (c^). 

are skew-symmetric 4x4-matrices of variables. Using the same notation for variables 
x^^\ ...,x'^^ ,k = l,...,p, as in (11470 and introducing new variables x^i\ ...,x''^q as follows: 

^(0) _ ^(0) ^(0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ 
■^1 ~ -^12 ) -^2 ~ •^34 5-^3 ~ •^13 5-^4 ~ •^14 5-^5 ~ -^23 ' -^6 ~ -^24 ? -^7 ~ yi2 5 -^8 ~ 

y34)"''9 ~ yi3'"''10 ~ yi4 5-^ll ~ y23'-^12 ~ 6/245-^13 ~ ^125-^14 ~ ^34?"''15 ~ ^13? -^16 ~ 
JO) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ (0) (0) _ 
^14 ) -^17 ~ ^23 5-^18 ~ ^24) -^19 ~ "l2 > -^20 ~ "34 ) -^21 ~ "13 ' "^22 ~ "14 ) -^23 ~ "23 5 -^24 ~ 



(0) ^(0) _ ,(0) (0) _ ,(0) (0) _ ,(0) (0) _ ,(0) (0) _ ,(0) (0) _ ,(0) (0) _ (0) (0) 
24 5 -^25 ~ "12 5 -^26 ~ "34 ' -^27 ~ "13 ' -^28 ~ "14 ' "''29 ~ "23 ' '''30 ~ "24 5 "''31 ~ ^-12 > "''32 
(0) ^(0) _ ^(0) ^(0) _ fO) ^(0) _ ^(0) ^(0) _ fO) 



^34 ; ^33 — '^13 5 ^34 = '^14 5 ^35 = ^3 5 ^36 — '^24 5 rewrite the system fll76p similar to (I147p as 

36 24 

(179) ^m,,xf = 0, ^mi,xf^=0, i = l,...,20, k = l,...,p. 

A direct computation of the matrices M = (mjj) and M = (rhij) for the above chosen values 
(11480 . (IMDp of N,a,d, f, g,pij,qij in (I138p and (11720 and, respectively, for the following values 
values of A, Vij, Sij in (11730 and (I174p satisfying (11750 : 

(180) A = -2, ri2 = 3, = 7, = -2, r23 = 4, = -6, r34 = -8, 

Si2 = —8, Si3 = —3, Si4 = 8, S23 = —2, S24 = 0, S34 = —5, 
show that M is the block matrix (I150p and M is the block matrix 

(181) M = 



Mn 


M12 


Mi3 










M21 


M22 


M23 










M31 


M32 


M33 








M 



30 



TIKHOMIROV 



with blocks 



(182) Mil = 



/ 



100 













\ 

















100 













100 








\ 








100 




/ 



Mi2 = 



/2000 0\ 

2 

-5 -2 

2 2 -2 

5 -2 -5 

5 2 

5 

0-500 

2 

VO-2 0/ 



(183) M21 



/ 





-2 -2 

-5 -5 









V 


















-5 

2 





-5 2 
-5 2 



\ 










00-5 
000 
000 
002/ 










M 



22 



/ 100 









V 




100 

100 






























\ 







-100 



















0/ 



(184) 



M 



13 



/ -6 -4 -2 -7 \ 

6 -4 -2 7 

-7 -7 -5 

2 2 -5 

-4 -4 -5 

6 6 -5 

-12 -8 

-8 14 

-4 -14 

V 12 -4 y 



M23 = 



/ 10 -4 \ 

10 -4 



4 4 

10 10 



10 

10 

-4 
VOOOOO-4/ 



(185) 



/ 











2 


8 


3 


\ 




/ 


-4 

















\ 













2 


8 


-3 











-4 


















3 


3 


-13 


























10 


4 









-8 


-8 





-13 




















-4 


-4 





4 






2 


2 








-13 







, M32 = 










-10 





4 


10 





















-13 















-10 


-4 
























4 








-10 



























4 





-6 














10 
























16 





-6 











-4 



















V 

















16 


I 




V 





-4 














/ 
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(186) 



M33 = 



1 ° 





















/ 


-20 





20 


66 


-5 


-47 \ 



























3 


40 


-38 


-37 


-57 








100 

















57 


-47 


-82 


-38 


-22 














100 














37 


5 


7 


-79 





-22 














100 











—38 


66 


—28 





—62 


—38 

















100 






40 


-20 





-28 


7 


-59 


























-56 











40 


132 





























-76 


-76 





-114 





























44 





-10 


-94 








\o 

















I 




\ 





-14 





80 





-74 / 



Now as in fll5ip we have rkM = 20. Respectively, from ( I18ip - fll86p we obtain by an explicit 
computation that rkM = 30. Hence, since the matrix of the system f ll79p is a direct sum of 
matrix M and p copies of matrix M, it follows that its rank equals 

(187) rkM + p-rkM = 30 + 20p = 10(m- 1). 

Denote now by R{6^ , D^_^, (p^-i) ^^e rank of the linear system f ll76p . equivalent to fll79[ as 
a function of 9^, q;°, D^_^, It follows from fll87p that, similar to f ll53p . there exist values 

4>m-i^ ^ of 0m-i5 respectively, such that, as in fll54p . 

(188) R{e, a, Dt_„ 0„_i) = 10(m - 1). 

Repeating now the arguments from subsection 18.31 and using fll88p . we obtain the inclusions 
( I16ip and f ll62p for the above chosen data 0, (x, -D^-i) 0m-i- 

Finally, using f ll72p -( [T7i|) . we modify appropriately the matrices f ll63p -( !T65|) . so that, arguing 
as in subsection 18.41 and using the inclusions fll6ip and f ll62p . we deduce that Z nTh(Ws^) 7^ 0. 
This finishes the proof of Proposition 18.11 for m even. 

Remark 8.3. In perfoming the above computations of the rank of the linear system (113 ip one 
might try to simplify the shape of the matrices 02 in (I138p . E.g., in order to do computations 
simultaneously for odd and even values of m, one might set 0i2 = 4>2i = 0. However, under these 
constraints the experiments with computations for arbitrary values of parameters N,pij, qij give 
at best the value 9(m — 1) for the rank of the system (I13ip . which is insufficient for further 
arguments. Respectively, in case of m even one might also try to simplify the shape of the matrix 
03 in (I173p . E.g., one might set 0i3 = 03i = 0, and this would satisfy the equations f ll30p . 
However, experiments with computations in this case for arbitrary values of the parameters 
N,pij,qij,a,d, f, g, X give at best the value 29 for the rank of the matrix M which is also 
insufficient. 



9. Geometric meaning of Z^. Its relation to t'Hooft instantons 



9.1. One property of the component Z of the scheme Zm- In this subsection we prove 
one openness property of the component Z of Zm, m >3, introduced in Proposition 18.11 - see 
Lemma 19.21 below. 

Take an arbitrary point 

D e {Sir. 

Then in the notation of fl67|l we obtain a symplectic rank-2m vector bundle 



32 
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(see f H5|) and f l49|) where we take 2m instead of 2m + 2 and put B = D ^) and a natural 
epimorphism 

CD -.Hi® aV^ ^ W,m ■■= Hi ® AV7im(«(Z}-i)) ^ ijO(E2„(Z^-i)(l)), dimiy5,n = 5m. 
Now take an arbitrary point 

z = {D,(t>)eZ^. 

Here the morphism understood as a homomorphism "0 : if^ — )■ if^ (g) tx^V"^ defines the 
diagram 

(189) 








5m 



The lower horizontal triple in (I189P yields the diagram 

«(D-i) 



(190) 







Hm®Or^ _^'/7V ^/\2yV 



CD 



D- 



CD 



W5m ® Cp3 



E2„(Z}-l)(i: 



0. 



Moreover, the diagrams ( 1189^ and ( ]190p define the composition 

(191) : if„ ® Op3(-l) W5m ® a3(-l) ^2,n(/^"'). 

Note that the relation 0^ o D o g following from the definition of Z can be easily 
rewritten as 

(192) o = 0, 

where := s'^ o 9 and 6' : E2m{D^^) ^ E2m{,D^^Y is the symplectic structure on E2m{D^^) 
defined as in (H9|) . We have an antiselfdual complex 

(193) -> ® Cp3(-1) 4 '^Hl® Cp3(l) ^ 0. 
Now, according to statement (iii) of Proposition 18.11 take a point 

(194) z = {D,(t))eZnTh{Ws^), 

where /i is a fixed decomposition flll9p . and consider the induced decompositions 

(195) D = Di®...®Dm, 0:=0i©...©0™, (A, 0i) G (aV^)° x (aV)°, 
such that 

m m 

(196) L := UL(A,0i) = UL(A,0i). 

i=l i=l 

is a disjoint union of 2m lines in P^. Moreover, for this point z we have 

(197) E2m{D~') = ®E2{D-'), 



where A(A"^). ^ = I.-- 

, m, are rank-2 null-correlation bundles. 
Under the decomposition (11191) the diagrams (11891) and (11901) decompose into the direct sums 
of m diagrams 

(198) 

Si(z) 







CD, 



W; 



5(i) 



0, 
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(199) Cp3 aV^ ® Cp3 — ^ W^5« ® C'pa ^ , z = 1, .., m, 

Cp3 ^ fip3(2) E2(A^')(i) — - 

in which we substitute k for Hi and set W^(^i) := A^y^/im(^(Dri . ^ _^ a'^V'^)), dimW5(i) = 
5, i = I, m. 

Note that the decomposition flll9p induces a decomposition of the complex fll93p into a direct 
sum of m comlexes 

(200) ^ Op3(-l) 4 E2(A^^) ^ C'p3(l) ^ 0, z = l,...,m. 

Here the sections 7^ Sj G if°(i?2(-Dj"^)(l)) ~ ^^5(4) understood as homomorphisms k — )■ 
W5(j) coincide by construction with homomorphisms Si{z) in the diagram fll98p . Hence the 
homomorphism s{z) in the diagram fll89p is also injective as the direct sum of Si{z)^s. This 
means that im^^) n im{^{D'^)) = {0} i.e. 

(201) z e {{Slfx^rnT ■■= {{D,(p) G (S^)°x$^ I the homomorphism «0 : ^ H^^aW 

is injective and im(^0) fl im(''(D"^)) = {0} }. 

Next, from the definition of L and the construction of the morphisms Sz,Si,i = l,...,m, (see 
( I189p - fll99p . fll9ip and f l200p ) it follows that these complexes are exact except in their righthand 
terms and 

(202) coker(*s,) = Ol(1), cokeiC Si) = OLiD,,^M, {si)o = L{D,,<l)i), t = l,...,m, 

Remark 9.1. An arbitrary point D G (S^)° defines a point 
For an arbitrary embedding 

j '■ Hm-l ^ Hm 

and an arbitrary point z G (S^)*^ x there is defined an induced morphism of sheaves 

(203) s,(j) : Hm-i ® a3(-l) 4 ® Op3(-l) 4 

Let ei, Cm be the basis of Hm related to the decomposition (I119P and set 

Hm~i := Span(ei, ...,em-i). 

Consider the monomorphism 

(204) jo : Hm-i ^ Hm : H- + Ci+i, i = 1, m - 1. 

Since L is a disjoint union of pairs of lines L{Di,(f)i), i = l,...,m, it follows from fl202p and 
(I204p that Sz{jo) is a subbbundle morphism, i.e. 

(205) coker(*s,(jo)) = 0. 

Now for a given monomorphism j : ifm-i ^ consider the following conditions on a point 
z = {D,(f)) G Z: 

(I) the composition s^(j) = Szoj : if^-i '8>Cp3(— 1) i?2m(-D~^) is a subbbundle morphism; 

(II) Sz : Hm<^Op3{—l) — )• i?2m(-D~^) is an injective morphism of sheaves (but not a subbundle 
morphism) . 

Note that the conditions (I) and (II) are open conditions on the point z G Zm- The condition 
(I) is satisfied for the point z from fll94p and the embedding jo by (I205p . The condition (II) is 
satisfied for this point z in view of (12020 . Thus, since the set ((S^)° x $m)* defined in (12010 is 
dense open in (S,)^)° x we obtain the following result. 
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Lemma 9.2. (i) There exists a monomorphism j : Hm-i ^ such that the sets 

Z{j) := {z = {D,(j)) G Z n ((S^)*^ X I z satisfies the conditions (i) and (II) above}, 

Z{j,I) := {z = (D,0) G Z n ((S.^)° X $„)* I z satisfies the condition (I) above} 

are dense open subsets of Z , and we have open embeddings Z{j) Z{j,I) > Z. The same is 
true for a generic monomorphism j : H^-i Hm- 

(a) Fix a monomorphism j : Hm-i "-^ Hm- Then the sets 

Zm{j) '■= {z = {D,(f)) G Zm n ((S^)° X $m)* I z satisfies the conditions (I) and (II) above} 

Zm{j,'i-) '■= {z = {D^cj)) G Zm n ((S^)° X $m)* | z Satisfies the conditions (I) and (II) above} 

are open subsets of Z^- Respectively, let Z be an arbitrary irreducible component of Z^- Then 
the sets 

(206) z{j) ■.= zn ZmU), Z{j, i):=zn zUj, I) 

are open subsets of Z . 



9.2. Relat ion between Z and. t'Hooft instantons. Morphism A(j) : Z^ — ^ S2m-i' 

In this subsection we relate the open subset Z{j) of Zm introduced in Lemma I9.2( ii) to 
t'Hooft instantons - see Lemma [9.31 ^ 

In the notation of Lemma I9.2[ assume that Z{j) ^ and take an arbitrary point z = 
{D,(j)) G Z{j), so that the symplectic vector bundle i?2m(-D~^) satisfies the diagrams fll89p - 
( I190p . Respectively, the morphism of sheaves defined in fll9ip is injective - see the definition 
of condition (ii) above. In addition, satisfies the relation fll92p which clearly implies the 
relation 

(207) 's,{j) o s,{j) = 
for the subbundle morphism Sz{j), i.e. we obtain a monad 

(208) ^ Hm-i ® Op3(-l) '4'^ E2m{D-') 'H'^ H^_, ® Op3(l) ^ 0, 

From the diagram f ll90p we deduce the equalities h\E2m{D^^){—2)) = 0, i > 0, hence the 
cohomology sheaf of the monad f l208p is an instanton bundle 

(209) E2{z,j) := Ker(*s,(j))/Im(s,(j)), [^2(^,j)] e hm-i- 

Now consider the subvariety /2m-i C hm-i of t'Hooft instanton bundles (see subsection 14. 3p . 

l2^-i = {[E]eh^-,\h\Eil))^0}. 

Lemma 9.3. (i) In notations of Lemma W/^^ i) let Z{j) ^ and let z = {D,(j)) be an arbitrary 
point of Z{j). Then the bundle E2{z,j) is a t'Hooft instanton bundle, i.e. [E2{z,j)] G I^m-i'' 

(ii) In notations of Lemma \9.2^ iii) let Z{j) ^ 0. Take an arbitrary point z G Z'{j). Then 
the monad \208\) is well defined and its cohomology bundle E2{z,j) is a tHooft bundle; 

(Hi) Fix an isomorphism 

(210) e,: Hm® Hm-i 4 H2m~i, ^ & Isom2m-i- 
Then there is a well defined morphism 

(211) A(,) : Zm ^ 82™-! : z = {D,(j))^A = ^{D-\ o j, -(0 o o D o (0 o j)). 
such that 

(212) A(,)(Z^(j))cM/*^_,(0. 
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Proof, (i) Consider the complexes f ll93p and fl208p and set 

nm-i ■■= Hm-i'^Op3{-l), 'Hm-=Hm'^Op3{-l), /C^+i : = cokei ( j) , := cokers^. 

The complexes fll93p and fl208p are antiselfdual, hence they extend to a commutative diagram 
(213) 




.(i) 



m— 1 



E2m{D 



E2m{D ^ 




Opsi-l] 




njV 



7 









n 



Cp3(lj 



Cp3(l 




in which a, /3, 7, 5 and r are the induced morphisms. In this diagram we have /3 o a = and 
o 7 o /3 = (5. Hence 5 o a = 0. This implies that a factors through the morphism r, i.e. there 
exists an injection Uz '■ (9p3(— 1) — )■ £'2(2;, j) such that a = row^. This injection is a nonzero 
section G if°(£'2(-2, j)(l)). Hence E2{z,j) is a t'Hooft bundle. 

(ii) Repeat the above argument. 

(iii) This immediately follows from Lemma 15.11 since fl208p - (12091) coincides with (I55I) - (I56I) 
after sustituting m — 1 for m and putting B = D^^. □ 

Remark 9.4. From the diagram (19.30 it follows that the point z G Z{j) (respectively, the point 
z G Z{j)) defines not only a t'Hooft bundle [E2{z,j)], but also a proportionality class < > 
of a section 7^ -Uz G H^{E2{z, j)). Moreover, the pointwise constructions (over z G Z{j)) of 
Lemma [9.31 clearly globalize to x Z{j). In particular, the morphism A(j) : Z{j) — ?■ S2m-i 
defines a subbundle morphism of sheaves 



(214) 



i.e., equivalently, a family of instanton nets of quadrics 
(215) Az : H2m-i ® V 



Let TT^ : P'^ X Z{j) — )■ Z{j) be the projection. By construction we have a rank 4m bundle : = 
imA^ on Z{i) and the correspondig monad — )■ H2m-i ® Ofz{—l) ® ^z(j) ^ ~^ 

-^2m-i ® C^p3(l) (g) — with the cohomology rank 2 bundle such that E^lpsxjz} = 

E2{z,j), z G 2'(j). This monad, together with relative Serre duality for the projection vr^, 
defines in a standard way an isomorphism of locally free O^j-^.^-sheaves 

(Ext^ rE^(-3),a;.J)^ 



(216) 



2m-l 



0~zu, Gz 
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relativizing the pointwise isomorphisms / : H2m-i H'^iE2{z, j){—3)) (cf. Section [3]) and 
Serre duahty H'^{E2{z, j){-3)) ^ {Ext\E2{z, j){-3),uJri)y ■ (Here we set^Ez(fc) := Ez ® 
Cp3(— 1) Kl C'^(j), k e Z.) In addition, the sections Uz G H^{E2{z, j)), z G 2'(j), glue up to a 
section 

(217) u : Op3,^(,) ^ Ez(l). 



9.3. Description of the fibers of the morphism A(j) : Z^ij) S2m-i- 

In this subsection we will give a description of the fibres of the morphism A(j) : Z^iJ) S2m-i 
and of its restriction onto Z, Xj := X(j)\z '■ Z — t- 82™-!- The precise statement is given in Lemma 
below. 

To formulate the result on the fibres, note that the point z = {D,(f)) G Z^ij) defines the 
monad (12081) with the cohomology bundle £'2(2;, j) with [£'2(2;, j)] G ^m-i (^^e Lemma [975]) . 
The display of this monad twisted by Cp3(l) is 



(218) E2iz^)il) 



s (i) 

Hm-i ® Op3 >^ E2miD-^)i'^) -^-^ coker(s,(j)) 




0P3(2). 

Note that from and the definition of MJ*^_^ it follows that h°{E2izJ){l)) < 2. Hence, 
passing to sections in the diagram fl218p we obtain a well defined epimorphism 

(219) b{z,j) := h%'sm : H%E2UD-')il)) ^ ifO(coker(s,(j))) ^ 



- H%coker{sm)/H'{E2{z,j){l)) ^ { ^T-\^ ^ ntl^! j)(l)) = 2 } ^ ^^-^ ® 

(Note that /;,''(i?2(l)) < 2 for any [£2] G lim-i-) l'^ addition, as in Remark 16 ■2[ where we take 
m — 1 instead of m, it follows that 

(220) im(«L'"^) nim(*0o j) = {0}, dimSpan(im("L)-^), im(Vo j)) = 2m - L 

Consider the epimorphism cd '■ A^V"^ -» if°(£'2m(-D~^)(l)) in this triple (see the 
diagram (11901) ) and set 

(221) Viz,j):=ci\kerb{z,j)). 
From (12191) it follows immediately that 

k^-, ifh^{E2{z,j){l)) = l, 

k2™+l, if /lO(£2(2,j)(l)) = 2. 

Now observe that the complex (I208P is well defined for any z G Z^ and any j : Hm-i ^ -f^m 
since the condition (I207p is a closed condition satisfied for any z G (this complex now 
might be apriori not left- and right-exact). Hence the homomorphisms b{z,j) = h^{^Sz{j)) '■ 
H\E2m{D-^){l)) H^_^®S^V'' and cd : H"^® A^V^ H%E2m{D-^)W) are well defined, 
and we define the set V{z,j) by the same formula (122 ip . Since Z is irreducible, from (122 ip it 
follows by semicontinuity that 

(223) dimV {z,j) > 2m, z e Z. 



(222) V{z,j] 
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Lemma 9.5. Let j be as in Lemma \9.B. 

(i) For any point z e Z^. the fibre of the morphism A(j) : — )■ S2m-i through the point z is 
a reduced scheme naturally identified with V{z,j): 

(224) A(^.;(A(,)(^))4y(z,j), 

where V{z,j) is defined in ^22 1\) . Hence, in particular, for any z E Z, dim A^.j(A(j)(z)) > 2m. 

(a) Let Zi be the union of all possible irreducible components of Z^ distinct from Z and let 
Zo{j) '■= Z[i) \ Zi. Consider the morphism Xj := X{j)\z '■ Z — )■ S2m-i- Then for any z G Zo{j) 
one has a natural isomorphism 

(225) \j\\,iz))^Viz,j), 

where the dimension ofV{z,j) is given by ^222\) . and, for an arbitrary z E Z, 

(226) Xj'Mz)) C A(^.;(A,(2;)) = Viz,j), dimXj\X,iz)) > 2m. 

If z & Z{j,I), then the dimension ofV{z,j) in Ii226\) is given by Ii222^) . 

(Hi) Let Z be an arbitrary irreducible component of Zm, let Z\ be the union of all possible ir- 
reducible components of Zm distinct from Z and let ZqIJ) := Z{j) \Zi. Consider the morphism 
Xj := A(j)|^ : Z S2m-i- Then for any z G ^o(j) one has the natural isomorphism 

(227) At1(A,(^))4\/(z,j), 

where the dimension ofV{z,j) is given by Ii222\) . and, for an arbitrary z E Z, 

(228) At1(A,(^)) c A(^.;(A,(^)) = V{z,j), dimXj\X,{z)) > 2m. 

Proof (i) Consider the spaces = A^H^ ® S^V^ and \m-i = A^Ht-i ® S'^'^^ together with 
projections : A^{.Hm ® ~^ and q^-i : /\^{H^_^ ® V^) — )■ Am_i, respectively (cf. 
(j73l) and (!78l)). Fix a monomorphism jk : k ^ Hm such that j{Hm-i) fl k = {0}, i. e. we have 
a direct sum decomposition of Hm together with embeddings of summands 

(229) Hm = Hm-l © k, Hm^l ^Hm<^k. 

This decomposition induces a direct sum decomposition of A together with projections 

(230) Am = Am-i © Hom(k, H^_^ ® 5V^), Am-i ^ A„ Hom(k, H^^, © SV^). 
Now the equations of Zm in (S^)° x $m are 

(231) A := qm{<P'^ o D o ^) = 0. 

Next, consider the diagram ( IMI) twisted by (9p3(l), in which we substitute m — 1 for m, set 
B = and put Sz{i) instead of p^^A and (p o j instead of C, respectively. Proceeding to 
sections in this diagram and, respectively, to sections in the diagram fl218p we see that the 
condition 

(232) = pr\A) := qm^M o jY o o (0 o j)) = h{z, j) o e{z) 

is automatically satisfied, where e{z) is a homomorphism e{z) = h^{sz{j)) : Hm-i 
H^{E2m{B){l)). (Clearly, the vanishing of pr'{A) can be equivalently rewritten as the con- 
dition that "0 o j embeds Hm-i in V{z,j).) Hence the equations (12311) are equivalent to the 
equations 

(233) pr"{A) = biz, j) o c{z) o V o = 0, 
which in view of the definition (122 ip mean that 

"0|kCy(^,j) 
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Thus, since the point X(j){z) is given, so that the points D and (poj are determined by X(j){z) 
(see (121 ip ). it follows that the point {D,(f)) G A(j)(2)~^(A(j)(2)) is determined by the data "^Ik- 
Hence, the above inclusion implies that A(j)(z)^^(A(j)(2;)) ^ V{z,j). 
(ii)-(iii) follow from (i). 

Note that the above argument can be illustrateded by the diagram 
(234) ^^^=^^^= H 

HI ® a2\/^ Hi. ® S^V^ 





Remark 9.6. Note here that, as it follows from the proof of this Lemma, for z = {D, (p) & Z 
the fiber V{z,j) = A^.|(A(j)(z)) C H^ (g) A^V^ of the morphism A(-,) naturally lies in {D} x 
via the embedding : H^ O A^V^ Hom(iJ„, H^) (g) A^V^ = $m = {D} x induced by 
the embedding ji^ : k --^ H^- 

Lemma 9.7. Consider the set Rz = {z = {D,(j)) G Z \ rank s{z) < m — 2} where the 
homomorphism s{z) = Cd o^cp : Hm W^m is defined for z = {D, (p) in Iil89\) . Then 

codim^i?^ > 2. 

Proof. Fix a monomorphism j : Hm-i H^ satisfying the conditions of Lemma 19.21 so 
that Z{j) is nonempty, hence dense in Z. and take any point z = {D, 0) G Z. From the 
definition of the set V{z,j) (see fl22ip ) it follows that, for z G Rz, one has a natural inclusion 
c^^(im s{z)) C \~^{\j{z)) C V{z,j) (cf. the diagram (12340 . so that the diagram (11891) and 
the definition of Rz imply dimc^^(im s{z)) < rank s{z) + m < 2m — 2. Hence by Lemma 
I9.5( ii) codim;^-i(.;^^^^^-|C^^(im s{z)) > 2. Thus we have an inclusion Rz — U^c^^(im s{z)) C 

U \J^{Xj{z)) = Z, which together with the last inequality yields the Lemma. □ 



10. Complete family of t'Hooft sheaves with c2 = 2m - 1. End of the proof of 

Theorem [TT^ 



In this section we construct a complete (10m — l)-dimensional family T of t'Hooft (2m — 1)- 
instsantons and their degenerations (we call these degenerations t'Hooft sheaves). The family 
T will be used to prove that the variety Z studied in the previous two sections coincides with 
Zm- This finishes the proof of Theorem 17.21 



10.1. Construction of a complete family E — ;> T of (2m — l)-t'Hooft sheaves. 
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Consider the subvariety I^m-i hm-i of t'Hooft (2m — l)-instantons. We first recall the 
following two properties of an arbitrary t'Hooft instanton [E] e I^m-iy ^ > 1, - see |BT] and 
[NT] : 

(i) h%E{l)) < 2; 

(ii) for any section 7^ s G H^{E{1)) the zero scheme Zg = {s)q is locally contained in a 
smooth surface; 

r 

{m){Zs)red is a disjoint union of lines li, ...,lr, ^ ^ r < 2m, and Oz^ = © Oz^, where for each 

i=l 

i, 1 < < the scheme Zi has a filtration by subschemes /j = Zn C Zu C ... C ^m^,* = Zi for 
some rrii > 1, with Supp(Zjj) = U such that, if rrii > 2, then 

(235) = 2>j>m,; 

For a given integer d > 1 consider the Hilbert scheme "H^ '■= Hilb'^G of 0-dimensional 
subschemes of length d of the Grassmannian G = G(l, 3) of lines in P'^, and let F-^^ C G x Tid 
be the universal family with projections G ^ F^^ Tid- For a given point x G Hd we denote 
by Yx the corresponding 0-dimensional subscheme PdiQd^i^)) of G. We call a point a; G 
curvilinear if there exists an integer 6 > 1, a partition d = di + ... + dh, di > 1, and points 
Xi G Tidi, 1 < i < b, such that 

(a) for each i, I <i <b, the subscheme Y^- C G is isomorphic to Spec(k[t]/(t"''+^)), and 

(b) Y^ is a disjoint union Yj. = Y^^ U ... U Y^^^. 

Set 'H™''^ := {x G "Hd I X is curvilinear}. It is well known (and easily seen) that 'H'^^'" is an 
open smooth 4(i-dimensional subscheme of T-Ld- Next, let F C x G be the graph of incidence, 
together with projections P'^ A F A- G. From the above properties (i)-(iii) we deduce now the 
following lemma. 

Lemma 10.1. For each [E] G I^^-i ^'^^ 7^ s G H^{E{1)), there exists a curvilinear point 

X = x{[E], s) G ^.2^^ such that Zg ^= p{q~^{Yx)) and the scheme structure of Zg coincides with 
that given by formula 

(236) Oz,=p,q*OY^. 

Proof. Since by (ii) the support of Zg is a disjoint union of lines; hence from the definition of 
curviliear schemes we deduce that it is enough to consider the case when Zg is a single line, 
say, / with a nonreduced structure, i.e. there is a filtration of Zg by subschemes 

(237) / = Zi C C ... C Z2m = Zg, m> 2, 
such that the following triples are exact (see (12351) ): 

(238) O^Oi^Oz.^Oi^O , . . . , O^Oi^ Oz,^ ^ Oz,^_, ^ 0. 

From the first triple in (12381) . (ii) and the Ferrand construction [BFl §1] it follows that Oi is 
a factor-sheaf of the conormal sheaf Ni/pa ^ 20f>3 and that the surjection Ni/pa Oi gives 
a double structure on / coinciding with the scheme structure of Z2. This surjection implies 
that Z2 lies as a scheme on a smooth quadric, say, Q passing through /. Choose homogeneous 
coordinates (xq : Xi : X2 : x^) on P^ such that 

(1) I = {x2 = X3 = 0}, Q = {xoX2 - X1X3 = 0}, and 

(2) let P^ = [/q U Ui be the open cover of P^ by the sets f/j = {xj 7^ 0}, i = 0,1; then the ideal 
of Z2 n Ui in k[Ui] is generated by X2/X0 and (xs/xq)^ for i = and, respectively, by xs/xi and 
(x2/xi)^ for i = 1. 

Let Si, .., Sc be quasiprojective smooth surfaces in P^ such that the sets Z(^k) '■= Zg fl Sk, k = 
!,...,€, constitute an open cover of Zg. (Such surfaces exist because of (ii).) Set Z(jfc) : = 
Z{k) n f/i, i = 0,1, k = 1, c. From (l)-(iii) and (l)-(2) follows the property 

(3) for k = 1, ...,c the ideal Iz^^k) Z{ik) in 0[Ui fl Sk] is generated by (xs/xq)^™'''^ for i = 
and, respectively, by (x2/xi)^™"'"^ for i = 1. 
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Since by (1) the elements x^/xq G 0[Z(oa:)] and X2/X1 G 0[Z(^ik)] coincide in (9[Z(ofc)nZ(ifc)], k = 
l,...,c, it follows that there are well defined homomorphisms k[t]/(t^''""'"^) — )■ 0[Z(^ik)] : 
lmod(t^™'^^) I— 7- Imod/^^.^j and tmod(t^™'+^) {x3/xo)m.odlz^g^s^ for i = 0, respectively, 
tmod(t^™'+^) I— 7- (x2/xi)mod/2j^^j for z = 1, which are compatible on 2'(ofc) fl Z(^ik). This de- 
fines a morphism ttz : ^ Spec(k[t]/(t2'»+i)). Set := Spec(k[t]/(f i = 0, 2m. From 
the definition of the morphism ttz and exact triples f l238p it follows that, for i = 2, ..,2m, the 
(nilpotent) ideal sheaf Xj := C O^-i satisfies the isomorphism mult : Xj ^Or, ^ : 

a ® 1 (—7- 7rJ(a). Hence, by [HLt Lemma 2.13] the morphism nz is a flat family of lines over 
T2m, SO that it defines an embedding T2m = Spec(k[t]/(t^'"+^)) G, i.e. a curvilinear point 
a; G 7/2™ such that p : q~^{Yx) ^ Zs is an isomorphism. Lemma is proved. □ 

Remark 10.2. One easily sees that 7^2™""''™ := G ^im™ I ^ = x{[E],s) for some [E] G 
^2m-i and 7^ s G is a dense open subset of l-i^^ ■ We thus consider its closure 

K^^^ = in Hilb^^G. Fix a desingularization "H of "H*^-""™. "H is a smooth integral 

scheme, and there is thea graph of incidence T-^ C G x T-L with projections G <— T-^ H. 

Consider the subcheme = F-^ Xgxt-l T x 7i of T x Ti and set 

where pr^ : F x 7/ — )■ P'^ x is the projection. We endow with the structure of a subscheme 
of X via setting 

Since the sheaf pri^,((9£^) is clearly flat over Ti, in order to prove that the above definition is 
consistent, one has to check it fibrewise with respect to the projection : — )• "H. Thus, 
taking any point ?/ G "H and the corresponding 0-dimensional scheme Z = Zy of G, respectively, 
the subscheme Ly = q~^{Zy) of x G, we have to check that the sheaf p^O-py is the structure 
sheaf of a certain subscheme Ly of supported at p{Ly). Take any closed point z G Zy and set 
/ = q~^{z), respectively, / = p{l). Also, take an arbitrary point x G /, respectively, x = p{x) G /. 
Applying the functor p^ to the composition of surjections Or Ol^ Oj -» we obtain 
a surjection Cps = p^Or P*k£ = k^. as the composition Cpa A- p*Oi^ -» k^.. Hence, by 
Nakayama's lemma e is an epimorphism, as stated. Note that, by construction, the scheme Ly 
has a filtration by subschemes as in fl237l) - fl238p : 

(239) = Lo = Li CL2 C ... CL2^ = L„ Ol,_, = OlJ Oi^, 1 < z < 2m, 

where /i, ...yhm are lines in P^, not necessarily distinct, corresponding to closed points of the 
scheme Zy. 

Remark 10.3. Consider the set "H, := {x G 'Ham"''"™ I ^ = x{[E],s) for some [E] G with 
> 2}. Us is a closed subset of H^^""^"™ and it is well known (see, e.g., [fi]) that 
the condition x{[E],s) G is equivalent to the condition that the scheme Zs = (s)o lies on a 
smooth quadric in P^. This is, in turn, equivalent to saying that the 0-dimensional subscheme 
Yj; of G lies one a projective plane P^ in P^ = Span(G) intersecting G in a smooth conic (i.e. 
a general plane in P^. Whence it follows that dim'Hs = length(yj,) + dimG(2,P^) = 2m -|- 9. 
Respectively, 

(240) codim«?{, = 8m - (2m + 9) = 6m - 9 > 2, m > 2. 

Now let pr2 : P^ x "H be the projection and consider the fiat over "H sheaf Xl(1) := Xl,p3x^ ® 
0^3(1) Kl O-H and the relative Ext-sheaf 
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A standard computation using (12391) shows that the sheaf F satisfies the base change isomor- 
phism 

(241) 6, : F ® k, 4 Ext^(Ii,^,p3(l), Op3(-l)) ^ k^"^, y eH. 

Hence F is a locally free (9-^-sheaf of rank 2m. We thus have a smooth integral (10m — 1)- 
dimensional scheme T = Proj(F^) with structure morphismpx : T — )■ and the Grothendieck 
sheaf Ot/w(1)- In particular, T is a smooth variety of dimension 

(242) dimT = dimH + rkF^ - 1 = 8m + 2m - 1 = 10m - 1. 

Moreover, let px = id^-i x : x T — )■ x "H be the projection and set Lt := Pt^"'^(L)- On 
p3 X T there is a universal family of (classes of) extensions of sheaves - see, e.g., [Q Cor. 4.5]: 

(243) ^ Op3(-l) K Ot/w(1) ^ E ^ Xl^(1) ^ 0, 

where Xl^ := ^^Lt.p^xt- By construction, for any closed point t G T the sheaf Et = -Elpsxit} is 
a nontrivial extension of the form 

(244) -> Op3(-l) -> -> iLyil) ^0, y = prit), 
hence 

(i) Et is a stable rank-2 sheaf (i.e. [Et] G Mp3(2; 0, 2, 0)), which satisfies the condition 
/i°(Ey(l)) > 0; furthermore, from ([Ml and fl239|) it follows easily that 

(ii) h%Et{-2)) = 0; 

(iii) there exists a dense open subset T' of PT^(^2m"''"™), hence also of T such that, for 
t G T', Et is locally free, i.e. Et is a t'Hooft bundle; 

(iv) there exists a dense open subset T" of T' such that, for t G T", h^{Et{l)) = 1; further- 
more, for any two distinct points t,t' & T" one has Et ^ Et' . 

The properties (i)-(iv) mean that there is a well defined modular morphism f : T — )■ 
Mp3(2; 0, 2, 0) : t [Et] such that 

(245) f (T) = 

is the closure of /2m-i Mp3(2; 0, 2, 0). Moreover, /|to is injective. We thus call the family 
E — > T the complete (10m — 1)- dimensional family of t'Hooft sheaves. 
Note also that the property (iii) above implies that 

(246) Supp£xtJ,^3^^(E, Op3xt) C X dT, dT := T \ T'. 

Remark 10.4. Assume that we are given a vector bundle on P'^ x i? such that, (i) for each 
b E B, Efj = Eb|p3x{6} is a t'Hooft bundle, (ii) there is given a morphism ub '■ Op3(— 1) ® A/b — ?• 
E^ nonvanishing for any b & B, where Afs is some invertible sheaf on B. Then cokerw^ = 
Cp3(1)KI(9b®2^Lh p3xR where Lb = U is a union of subschemes Zf, of P^ described in Lemma 

beB 

[Toil We thus have an extension Cp3(-1) K ^ E^ -> Cp3(l) K Cb (g) Xlb,p3xb 0. 
It follows in a standard way from ^ that there exists a morphism r : B T' such that the 
last extension is obtained via applying the functor [id^a x r)* to the triple (I243p . In particular, 
applying this remark to the bundle E^ on P^ x Z{j) and the morphism u in (I217p . i.e. taking 
B = Z{j) and Ub = u, we obtain the morphism r = rx : Z{j) — )■ T' such that 

(247) (zc?p3 X rT)*E = E^, 40t/h(1) = Ozuy 

10.2. A family of nets of quadrics A associated to the family E — )• T. 



In this subsection we construct associated to E — )■ T a family of nets of quadrics which will 
be used below. For this we first note that, by (I239p and (12441) . we obtain the following equalities 
for a sheaf Et in 02441) : 
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dimExt^(£'j(— 4), wps) = dimExt^(i?f, Wps) = 4m — 4, dimExt^(i?f(— 3), Wps) = 
dimExt2(Ej(-l),wp3) = 2m - 1, Ext*(Et,u;p3) = Ext*(Et(-l), wpa) = Ext^"*(Et(-3), Wps) = 
Ext^"XEt(-4),wp3) = 0, i 7^ 2, and ExtXEj(-2), wpa) = 0, i>0, 

where t G T is an arbitrary point and cups = Ops (—4). Therefore, applying the functor 
Extt(-,a;^) to the sheaves E(-j) := E ® Cp3(-j) MOt, 0<j< 4, where tt : x T ^ T is 
the projection, the sheaf E is defined in fl243p and = Wpa K Ct, and using base change for 
relative Ext-sheaves we obtain that the sheaves 

(248) ¥i:=Extl(E{-t),uj^), Q := Ext^(E(z - 4), w^), z = 0, 1, 
are locally free Ox-sheaves of ranks, respectively, 

(249) rkFo = rkGo = 4m - 4, rkFi = rkd = 2m - 1, 
and 

(250) Extt(E,a;,) = Extt(E(-l), = Ext^*(E(-3), = Ext^*(E(-4), a;,) = 0, t ^ 2, 

Extt(E(-2),w^) = 0, i>0, 
Similarly, we obtain that H := i?^7r^,(E(— 1)) is a locally free Ox-sheaf of rank 

(251) rkH = 2m - 1. 

Using f l244p we also see that the sheaf EI duality commutes with the base change. Hence, there 
is a relative Serre-Grothendieck duality isomorphism (see, e.g., [K]) 

(252) SD:¥i^ M}^ . 

Next, the local-to-relative spectral sequence £'2''^ = R^n^Sxt'^^^^ ^(E(— 3), Wtt) =^ 

Ext^+''(E(-3), w^) gives an exact sequence i?V^(E^(-l)) -> Gi 

n^Sxtl) 3 (E(-3),u;^), where by fl2i6|) Suppvr^^xtjj 3 (E(-3), w^) C dT. Since codimx^T > 

IP X T IP X T 

1, dualizing this sequence we obtain an injective morphism of Ox-sheaves 

(253) ^ A (i?i7r,(E^(-l)))^ 

Next, dualizing the triple f l243p and using the fact that codimpsxxLx = 2 we obtain an exact 
sequence 

(254) ^ C»P3(-1) K Ox -> ^ Op3(l) M Ox/w(-l) ^ ^2:^^,3^^ (^Lt(I), O^s^t) ^ 

^ Sxfa^^^^(E, Op3xx) ^ 0, 

so that det E^ = 7r*Ox/^(— 1). Hence, as T is a smooth integral scheme, it follows by |Hlt 
Prop. 1.10] that 

E^^ ~ E^ ® (det E^)-^ = E^ ® 7r*Ox/«(l). 
Dualizing fl243p twice we see that the canonical morphism can : E — )■ E^^ ~ E^ ® 7r*Ox/'H(l) is 
injective, and we obtain an exact sequence — E(— 1) E(— l)^®7r*Ox/H(l) coker(can) — )■ 
0, where Supp coker(can) C x dT. Applying to this triple the functor R^n^, and using the 
fact that HI is locally free on T, we thus obtain an exact sequence — )■ H i?-'^7r*(E^(— 1)) (8> 
Cx/w(l) coker(5f) — )■ 0, where Supp coker((yf) C dT. Dualizing this sequence we obtain an 
injective morphism of Ox-sheaves /3 : (-R^7r*(E'^(— 1)))"^ — )• (g) Ox/-h(1)- Composing it with 
the morphism a from fl253p and the inverse of the relative duality isomorphism SD from fl252p 
we obtain an injective morphism of locally free Ox-sheaves 

(255) 7 = SD^^o/Joa : G^ ^Fi®Ox/^(l). 

In view of the property (iii) above fl245p one easily sees that 7 is an isomorphism when restricted 
onto T': 

7|x' : Gi |x' A Fi (g) Ox/^(l)|x'- 
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(In fact, the restriction of 7 onto an arbitrary point t G T' is just the Serre duahty isomorphism 
H\Et{-3)) 4 H\Et{-l)y for a t'Hooft instanton Ef) 

Next, the resolution of the diagonal A on x extends to a diagram of sheaves 
(256) 





Op3(-3) KCp3(l) 



Ops (-4) M Op 



C»p3(-2) M Tp3(-2) ^ C»p3(-2) M aV^ ® C»p3 



Cp3(-4) SC»p 



Cp3(-3) KTp 



Cp3(-2) K(]p3(2) 



Cp3(-1) Sl]p3(l) 



z 



A P3xP3 







Cp3(-1) K ® Cp3 



Oj>3 Kl Ops 







Cp3(-1) KCp3(l) 







Let p : P3 X T X p3 ^ p3 X p3 and TT = TT X zrfps : P^ x T x P^ ^ T x P^ be the projections and 
denote lo^^ = uj^, ^ (9p3. Applying the functor Extl^{— , 00^^) to the diagram p*([256])®E IE Ops 
and using f l248p . fl250p and base change we obtain the commutative diagram of sheaves on 
p3 X T ~ T X P^: 
(257) 





Ops Kl Go 



^ Op3(l) M Gi Ops K ® Gi ^ ^]p3(l) K Gi 







Tp3(-1) KFi 



Ops mV®¥i Op3(-l) K Fi 



Ops M Fo 















where we denote K = Ext^(p*XA,pSxp3 ®EK10ps, w^r), M = coker a and where A' is a morphism 
y ® Fi — )■ V"^ Gi given by this diagram. 

Now set W := imA' and let : V ®¥i ^ W, U' : W ^ O Gi, g : Ops K W 



Ops K 1/^ ® Gi -4 Ops(l) m Gi and f : Ops(-l) K Fi -4 Ops K V ® Fi 



Ops K W be 



the induced morphisms. From fl249p and the middle vertical sequence in (125 7p it follows that 
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W is a locally free OT-sheaf of rank Am: 

(258) rkW = 4m. 

Moreover, the diagram ( I257P gives the monad with the cohomology sheaf E^: 

(259) ^ Cp3(-1) KFi Cp3 Cp3(l) KGi 0, E"^ = ker g/imf . 

Remark 10.5. One can, of course, obtain the monad f l259p from the Beilinson spectral sequence 
with El-term Ef''' = Ext3-'?(E ® n~^{-p) M Ct,w^) (cf. |OSSl Ch. II, 3.1.4]). However, we 
use here the diagram ( I257P because it will be also used below in producing the monad ( I266P 
and Lemma 110.61 

Next, from the definition of the morphisms f , g and 7 follows the diagram 

(260) Cp3(-1) K ® Ct/w(-1) Cp3 K V ® Ct/w(-1) . 



Op3 (-1) K Fi ^ OpsMV® Fi 

is commutative. Thus, the composition A:V ® Ct/w(-1) ^ V (g) Fi ^ ® Gi fits in 
the (left- and right-exact) complex of sheaves 

(261) Cp3(-1) K G^ ® Ct/w(-1) ^Op3^V®G\^ Ot/w(-1) ^'^^^ 

Cp3 K 1/"^ ® Gi A Cp3(l) K Gi ^ 
and imA C W. In addition, by construction for any t G T' the homomorphism A (g) in view 
of Serre duality H := H'^{Et(~3)) H^(Et{—l)) coincides with the skew-symmetric middle 
vertical homomorphism A : V ^ V'^ ® H"^ in ( ITOl) for E = Et and n = 2m — 1. Hence, A is 
skew-symmetric, A G if°(A^(V"^®Gi)®CT/-H(l))- We thus obtain the induced skew-symmetric 
morphism q : ® Ot/h{~^)) ~^ W which yields a decomposition of A as A = o q o i^,. 
This decomposition, being restricted onto an arbitrary point t G T', gives the rightmost square 
in (fTOj) . In particular, it follows that 

(262) AGi/°(AV^®52Gi)®C»T/w(l)), 

and that qjx' is an isomorphism. We thus consider the dense open subset Tq of T containing 
T' which is defined as 

(263) To := {t G T I q|p3x{t} : W ® Ct/w(-1) ® ^ W ® is an isomorphism}. 

To D T'. 

Denote 

(264) W:=W\ Wo:=W|t„, qo := qIto, /: := Ot/«(-1), £0 := ^|to, Eo = E| 



?o S^Ito; G :— Gi , Go — G|to- 



In this notation the complex (126 ip induces the following right- and left-exact complex 

(265) ^ Cp3(-1) K G O £ 4 Op3 K W ® £ A Cp3 K 5^ Cp3(l) K G"" ^ 0, 

Standard diagram chasing with fl257p - (l26ip shows that the restriction of the monad fl259p onto 
X To coincides with the restriction onto x To of the complex fl265p and is isomorphic to 
a (antiselfdual) monad 

(266) ^ Cp3(-1) K Go ® £0 Cp3 K Wo ® £0 5 ^ Cp3(l) K G^ ^ 0, 

E^ = kerg^/im(qo o go). 
From this monad and fl263p immediately follows 
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Lemma 10.6. Eq is a locally free OpsxTo-sheaf, i.e. To = T'. 

Consider the variety Y := Proj('Hom(G, -f^2m-i ® Ot)) with the projection py : Y — ?■ T and 
set Gy := Py^t, : = Py^® C^y/t(— !)• The universal morphism 

(267) r: if2m-i®CY®CY/T(-l) ^Gy 

on Y together with the family p^K : Gy ^ V ^ jCy — ?• Gy ^ V"^ yields a family of nets of 
quadrics A : i?2m-i ® ® JCy — ^ -f^2m-i ® ® ^y, i-e., equivalently, the morphism 

(268) A .Cy^ S^H^^_, ® aV^ ® Cy = S2m-i ® Cy- 

We call A the family of nets of quadrics associated to the family E T. 

Now consider the principal PG'L(iJ2m-i)-bundle pyo '■ Yq := P(Xsom{H2m-i ® C^To^ Gq)) — )• 

To together with the natural open embedding Yq Y such that pyo = Py ° and set 

Ao := A|yo, Cy, := Cy\yo, Wyo := P*y,^o- The monad p*Y,mB- 

(269) 

^ Cp3(-l)Ki72m-l®^Yo -> Cp3KWYo8)^Yo^C'p3KW^y ^ Cp3(l)Ki/2m-l®C'Yo ^ 0, 

Now pick a monomorphism j : Hm-i -f^m and let Z be any irreducible component of Z^- 
Assume that Z{j) is nonempty, hence dense in Z according to Lemma [9.21 (in particular, such 
j exists for Z = Z hj the same Lemma). Consider the morphism tt : Z{j) — )■ T' defined in 
(I2i7ll . Note that from the definition (I2l8ll of the locally free Cx-sheaf d = Ext^(E(-3), w^) it 
follows that the formation of commutes with the base change. In particular, the definition 
(12471) of the morphism rz and the definition f l216p of the sheaf Gz imply that Gz = r^G^. 
Hence the isomorphism (12161) gives a subbundle morphism 

(270) tz : -> nom{H2m-i ® O^.y), Gz) = 4Hom(iJ2m-i ® ^t, G^^), 

imiz C Isom{H2m-i ® C'tq, Gq). 
Now the well known universal property of Proj (see [HI Ch. Ill, Prop. 7.12]) and the last 
inclusion in (12701) show that the morphism rx : .Z'(j) — )■ T' = To (here we use Lemma 110.61) 
lifts to the morphism ty : Z{j) — )■ Yq giving the factorization of r^'- 

(271) rx : Z{j) ^ Yo '4° To 
such that 

(272) Az = r*YA, 

where Az : C^zu) ~^ ^2m-i ® ^z{j) family of nets of quadrics (12141) and A is the net 

(12681) . Moreover, consider the total space V = S'pec{SQ^CY^) of the vector bundle Cy and let 
Vo = K\{0-section} be the complement of the 0-section in V, with the projection p : Vo — )■ Y. 
The morphism Ty : Z{j) — )■ Yo naturally lifts to a morphism rv : Z{j) Vo, i.e. Ty factorizes 
as ty = p o r^^/■■. 

(273) Z(j) — Vo 

Yo^ -Y. 

so that, by (l272ll . 

(274) Az = r*^p*A. 

Next, there is a well defined morphism /i : Vo — )■ S2m-i '■ v i— )■ (p*A)(s(f)) where s is the 
canonical section of p*Cy — C'vq- Now ( 12741) means that Xj = po rv: 

(275) A, : Z{j) ^ Vo A S2„-i 
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where the morphism Xj : Z S2m-i is defined in Lemma [9.5( ii). 

Remark 10.7. By definition, the morphism r^/ considered in the diagram above is well defined 
as the morphism r^/ : Zm{j) — > V. 



10.3. Irreducibility of Zm- 

Take an arbitrary point zq = (Z^oi^o) ^ Z with 0o 7^ 0. According to Lemma [9^ i) there 
exists a monomorphism j : Hm-i ^ Hm such that Z{j) is a dense open subset of Z. Hence 
there exists a smooth affine curve C with a marked point G C and a morphism g : C ^ Z such 
that g{0) = zo and g{C*) C Z{j) where C* := C \ {0}. For any a; G C set (-0^,0^^.) := 
Here, for all x G C, by definition Ai{x) := D^^ is an isomorphism Hm^V ^ H^®V'^ and also 
A2{x) := (px o j is a homomorphism ifm-i ® V" //^ (g) Hence, picking an isomorphism 



^ : Hm © -ffm-i — > H2m~i, wc may consider the matrix A{x) 



Aiix) 
'A^ixY 



with 



A3{x) = —A2{xY o Ai{x) o A2{ CC^ clS db homomorhism (net of quadrics) A{x) 



A2{x) 
Asix) 

H2m-1 ®V ^ 



-'-'2m 



rkAi(x) = 4m, a; G C. 



{a4(x)}j:gc and its restriction A 



c* 



I (g) V"^ of rank 

(276) TkA{x) 

We thus have a family of nets of quadrics A^; 
{A{x)Uc\C*. E 

Consider the composition Ty o g '■ C* ^ Yq ^ Y. Since Y is projective, this morphism 
extends to the morphism ipY : C — )■ Y such that Ac = ipY-^- ^s A(0) 7^ 0, it follows that 
ipY lifts to the morphism ip^ '■ C — ?■ Vq such that ipY = p o ipY- We also have the composition 
ipT = Py o : C — )■ T and the commutative diagram 



(277) 



2m- 1 



Ac 



-"2m- 



c 



G 



c 



V 



where Gc '■= iPy^y, tc '■= a-iid r is the universal morphism (12671) . Consider the Oq- 
sheaves Wc = H2m-i ®V ® Oc/kerAc and Wc = Gc ® F/kerAc and the morphisms 
ec : H2m^i ®V ®Oc ^ Wc, ec : Gc ®V ^ Wc, qc : Wc ^ W^, gc : Wc ^ W^ and 
e : Wc — Wc induced by the diagram ( 1277p . so that 

(278) = o gc o e, 

(279) e o ec = ec o tc- 

The condition (I276P means that Wc is a locally free rank-4m Oc-sheaf and qc is an iso- 
morphism. Hence fl278p implies that Wc is a locally free rank-4m (!?c-sheaf and gc is an 
isomorphism. This together with Lemma 110.61 precisely means that 

V^t(C) C To. 

)Oc V®Ov3^H2n,~l®Oc ^ CpaKWc 

3 Wc and the diagram of induced complexes 



(280) V^y(C) C Yo, resp. 

Consider the compositions ac : Cp3(— 1) Kl/f2m-i C 
and ac : Cp3(-1) K Gc ^ 1^ ® Cp3 K Gc ^ O^z I 



(281) -Op3(-l) KiJ2m-i ® a 



Cp3 K W, 



ac 



C 



2m-l 



o. 



c 











0P3(-1) 



G 



ac 



C 



Cp3 K 



«C 



C»p3(l)KG^ 



^Equivalently, using Leniina r9.3f iii). one can define A{x) as \j{g{x)), x £ C. 
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From (12801) it follows now that the lower complex in this diagram is a genuine monad which is by 
construction obtained by applying the functor {id^a x iPt)* to the monad (12661) . In particular, 
its cohomology sheaf is a rank-2 bundle. Also, by construction, these two complexes are 
isomorphic over C*. However, the upper complex is apriori not right- and left-exact when 
restricted to x {0}. We are going to show that, in fact, it is isomorphic to the lower monad, 
hence it is left- and right-exact, i.e. it is a monad. 

For this, consider the monomorphism im '■ Hm ^ -f^2m-i given by the isomorphism ^ above, 
let a : H^(»V ^ Oc ^ i^2m-i ^ V ^ Oc W^, l3 : (g) Oc ^ //2m-i ® Cc ^ Gc 
be the induced morphisms and set Gm '■= im/3, Gm-i := Gc/Gm- From (I276P it follows 
that a is an isomorphism and, respectively, the induced morphism a : Gm ® — >■ Wc is an 
isomorphism. Hence by (I277l) - (l279p (3 is injective, Gm is a locally free rank-m Oc-sheaf, the 
morphism Gm Gc is a subbundle morphism, hence Gm-i is a locally free rank-(m — 1) 
Oc-sheaf. We now have the induced diagram of isomorphic monads obtained similar to (12811) : 



(282) 











Op3(-i) mHm®Oc Ops K w 



etc 



c 



(9^3(1) K/f^V 



c 



■l)MGr 



ac 



etc 



a 



G} 







0. 



with the isomorphism 5 : "^2^1 of the rank-2m cohomology sheaves of these monads. 

(Note that, by construction, = U E2m{,D~^).) In addition, the diagram of natural mor- 

phisms 



^ Hm®V ® Oc 



^ Grn®V ■ 



2m-l 



G 



2m- 1 



C 



V ■ 



m— 1 



G 



m— 1 



C 



V 



satisfying the relations a = ec o i^, a = ec o im, a o (3 
(I281l) - (l282p . yields a diagram of factor-complexes 







0. 



e o a, together with the diagrams 



(283) 











m—l 



c 



2m 



Op3(l) 



-"m-l 



C 



Cp3(-1) KG 



7c 



m—l 



'2m 







where cxq is the induced morphism. By the above, this diagram becomes an isomorphism of 
monads when restricted onto x C*. To show that it is an isomorphism everywhere, it is 
enough to show that 7^ ® k(0) : Hm-i Gm-i ® k(0) is an isomorphism. Passing to sections 
in the left square of the diagram ([283])®Cp3(— 1) Kl Oc, we see that this condition is equivalent 
to the injectivity of homomorphism of sections h^{cxc ® k(0)) : -f^m-i H^{E2m{DQ^){l)). 
But this homomorphism exactly coincides with the composition 



SzoU) ■ Hm-1 ^ H„ 



s(zq)=Uo 



Now from the definition of the subset Rz of Z defined in Lemma [OTl it follows that the injectivity 
of the map Sz^ij) is true for any point zq & Z \ Rz and a generic monomorphism j : Hm-i ^ 
Hm- Hence, for such point zq = {Dq, 0o) the restriction of the upper complex in (I283P onto 

P3 X {0} is a monad: ^ Hm-i ® Cp3(-1) E2m{D^^) ''^^^ ® Cp3(l) ^ 0, which 

by definition coincides with the monad (I208P for z = zq. (As a corollary we obtain that the 
diagrams (I28ip and (I283P are the diagrams of isomorphisms of monads for this 2:0.) In other 
words, zq G Z{i) where the set Z{i) was defined in Lemma lUTW i). 
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We thus have proved the following statement. 

Proposition 10.8. For any point z & Z \ Rz there exists a monomorphism j : Hm-i ^ Hm 
such that z G Z{j, I). 

Consider the morphism rv : Z{j) — )■ Vq defined in diagram (12731) . By (12751) we have 

(284) A,|^(.) =/iorv. 
We now prove the following proposition. 

Proposition 10.9. Take any irreducible component Z of Zm and any monomorphism j : 
Hm-i ^ Hm such that Z{j) is nonempty. Then the morphism rv : Z{j, I) — t- Vq is domi- 
nating and, for a general point z E Z{j,I), the fibre rY^{r\-{z)) coincides with V{z,j) where 
V{z,j) is defined in \221\) . Moreover, dimZ(j, I) = Am{m + 2), and there exists a dense open 
subset Z' of Z{j,l) such that 

(285) dimV {z,j) = 2m, zE Z', 

(286) r^\r^{z)) = ~Xj\U^)) = X^^iXA^)) = V{z,j), z E Z', 

(287) codimg(^.j)(Z(j,I)\Z')>2. 

Proof. First, since by definition Z{j,T) is an open subset of Z^, we have by ( IHTi) dimZ = 
dimZ(j, I) >4m(m + 2). 

Next, set Vqo := P~^(Yo). According to the diagram (I273P we have r^/{Z{j,T)) C Voo- 
Consider the composition of projections 

■ \l A V ^JS? T ?5 -lyO njtH-curv 

P-Voo-^J-0~^-Lo^rt •— rt2m ; 

P,:Z(j,I)^Voo4H°. 
Since the projections p, Pyq and Pt are smooth fibrations with fibers of dimensions, respectively, 
1, (2m - 1)2 - 1 and (2m - 1), and dim-H^ = dim?/ = 8m (cf. fl2i2|) ). it follows that 

(288) dim Vqo = dim(fibre of p) + dim'HP = 2m(2m — 1) + 8m = Arn^ + 6m. 
Whence, 

(289) dim{generic fibre of rv : Z{j, I) — )■ Vqo} > dimZ(j, I) — dim Vqo > 

> Am{m + 2) — [Arn^ + 6m) = 2m. 

Now take an arbitrary point z E Z{j,l) and set v := r^/{z), A := Xj{z). From f l284p it follows 
that A = niv) and so by Lemma [931^ 11) 

(290) r^\v)E\-^\A) = V{z,j), 

where V{z,j) is described in (12211) . Using Remark 110. 3[ we rewrite (122 ip as: 

/on1^ A- \n ■\ / 2m, if p(2;) G 7^*, 

^291) ^^^^^^'^) = | 2m + l, ifp(.)G?^., 

where we set 

As p : Vqo — "H" is a smooth fibration with fibres of dimension 2m (2m — 1) (see 
formulas dMOD, (EH, (M) and ([MD yield 

(292) dimpTi(H,) < Am^ + 6m - 3 + (2m + 1) = 4m(m + 2) - 2 < dimZ(j, I). 



'''See the definition of the sets Z{j,T) in (PPS)) . 
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Thus, pj(Z(j, I)) (f_ T-Ls, i-e. there is a dense open subset Z' of Z{j,I) such that Pj{Z') C Ti*. 
In particular, flM) and fl29Tl) imply 

(293) dimr-^(rv(;z)) < dimV{z,j) = 2m, z e Z' . 

On the other hand, since Z' is dense in Z(j,l), (12891) yields dim rY^(rv (-2)) > 2m, z G Z'. 
Comparing this with (I293p . (I288p and the inequality dimZ' > 4m(m + 2), we obtain that 

(294) dimrv(^') = dimVoo = 4m^ + 6m, 

(295) r-\rviz)) = V{z,j), dimV{z, j) = 2m, z E Z'. 

Moreover, fl287p follows from (12921) . Now since the minimal possible dimension of V{z,j) is 2m, 
the equality (I286P follows from Lemma [9.5( 11-111) (see (I226P and (I228P ) by the semicontinuity of 
dimension of fibres of a morphism of irreducible varieties. This together with (I294p and (I295P 
yields Proposition. □ 

Now we are ready to finish the proof of Theorem 17.21 

End of the proof of Theorem |7.i4 

(i) We prove the irreducibility of Z^, and the surjectivity of the projection pm '■ Z 
(S^)° : {D, 0) I— )■ Z) will be a by-product of this proof. First, Zm contains an irreducible 
component Z introduced in Proposition 18.11 Assume that there exists another irreducible 
component Z' of Zm- Let b : \ {0} P($m) be the canonical projection and h := id x b : 
(S^)° X ($m \ {0}) — !■ (S^)° X P($m) be the induced projection. The equations of Zm in 
(S^)° X ^m (see ( I76|) - (177|) ) are homogeneous with respect to affine coordinates in ^m, hence 
there exist irreducible closed subsets Z_ and Z' and the closed subset Z_m in (S^)° x P(^m) such 
that Z = h'\Z) U {0}, respectively, Z' = b-i(Z') U {0}, respectively, Zm = h'^Zj U {0}. 
Moreover, by construction Z_ and Z' are irreducible components of Z_^. 

Take any point 

(296) y = (^o,< >) G \ Z'nZ 

and consider the projective space P = {-Do} ^ P{^m), dimP = 6m^ — 1. By definition, the sets 
Z_^[Dq) = Z^ n Pd and Z^{Dq) = Z' fl Pd are closed subsets of P such that 

(297) y E Z'(Do) C Z^iDo) 
and by Remar HTTTl we have codimpZ'(Do) < 5m{m — 1) 

(298) dimpZ„(Do) >m2 + 5m- 1 > 1, m>L 

By definition, Z_^{Dq) is given in P by 5m(m — 1) global equations of the form 0^ o Dq o E Sm- 
Hence, in view of fl298p Z_^{Dq) is connected. 

Next, by Proposition 18.1( 11) the morphism pri : Z i^m)^ '■ (p) ^ D is dominant, so 
that the induced projective morphism Z_ — )■ (S^)° : {D, < (p >) D is also dominant, hence 
surjectiveH since Z is closed in (S^)° x P($m). In particular, the set Z_{Do) = Z fl P is a 
nonempty closed subset of Z_^[Dq). In addition, by (I296P y E Z_^^{Dq) \ Z{Dq). Hence, since 
Z_^{Dq) is connected, it contains an irreducible component, say, Z^'{Dq) distinct from Z_{Dq) 
and intersecting Z_{Dq). Let Z" be an irreducible component of Z_^ containing Z^'{Dq), hence 
distinct from Z_{Dq). We thus have 

(299) ZnZ^' ^ 0. 

Let Z" = b^^(Z") U {0}. By construction Z" is an irreducible component of Zm such that, in 
view of f l299p . there exists a point 

(300) z = {D,(l)) E Z nZ", 0^0. 



^This clearly implies the surjectivity of projection — pri : Z — s> (S 
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Since is given in (S)^)° x by 5m(m — 1) equations (see fl79|) ) and Z has dimension 
4m(m + 2) (Proposition 18. ip . Hence, outside of its intersection with other irreducible compo- 
nents of Zra^ Z is a. locally complete intersection of codimension bm{m — 1) in (S^)" x 
Now it follows easily from the connectedness in codimension 1 of locally complete intersec- 
tions (see [H2] ) that through any point of intersection of Z with other components of Z„i (e.g., 
through the point z in f l300p ) there passes a component, say, Z of Z^, distinct from Z, such 
that codim^Z fl Z = 1. ^ 

Take any irreducible component F oi Z P^Z having codimension 1 in Z. From Lemma [9.71 it 
follows now that the set F' := F \ {Rz H {union of all possible components of Z fl Z distinct 
from F}) is dense open in F. Take any point z G F' . By Proposition 110.81 there exists a 
monomorphism j : Hm^i Hm such that z G Z(j, I). Then by Proposition 110. 9[ in which we 
take Z for Z, it follows that: 

1) there exists a dense open subset Z' of Z(j, I) such that F* := F' f\ Z' is dense open in F 
(see (EHZD), 

2) for any point z G F*, \~^{\j{z)) = Xj^{Xj{z)) = V{z,j) ~ k^"*. (In fact, apply formula 
( I286p to Z{j,I) and to Z{j,T), respectively). The last equality means that 

(301) z= {D,(p) eV{z,j) C ZnZ, dimV{z,j) = 2m. 

Now we obtain from fISOip and diagram (12340 that there exists a monomorphism : k 
V{z,j) for which the induced homomorphism "0' •= ("0° J;Jk) • = -f^m-i © k — > V"(2;,j) 
-f^m ® A^y^ is such that, in notations of (I189p . the point z' = {D,(j)') G V{z,j) satisfies the 
condition: 

the composition s{z') : Hm (g) A^^^ H^(E2m{D^^){l)) is injective. 

Az 2; G Z{j,I), the composition s{z') oj : if^-i — -f^°(-E'2m(-D^^)(l)) is also injective. This 
together with the above condition and exactly means that the point z' G V{z,j) C satisfies 
both conditions (I) and (II) in the definition of Z{j) in Lemma [9.21 It follows now from (I30ip 
that Z[j) is nonempty. 

We are now in conditions of Proposition 110.91 which we apply to the irreducible sets Z{j) 
and Z{j). Consider the morphism rv : Z^ij) — ?• V° and its restrictions r := r^^\z{j) and 
f := r^^\z[j)■ Then according to Proposition 110.91 there exist dense open subsets Z' of Z{j) and, 

respectively, Z' of Z{j), such that V := r{Z') = r{Z'). Now, for a general point f G V and 
an arbitrary point z G r~^{v) fl Z', one has by (12860 : 

r~\v) = Viz,j) = \l}^{v) = f-\v). 

This is clearly a contradiction, since, by assumption, Z{j) and Z{j) are distinct varieties. Hence 
Zm is irreducible. 

The surjectivity of the morphism pm : Zm (S^)° was already mentioned in the footnote 7 
above. Theorem 17.21 is proved. 



11. Appendix: two results of general position 

In this Appendix we prove Theorem 14.11 and Proposition 17.31 

11.1. Proof of Theorem 14.11 

We first need to recall some definitions and standard facts from theory of determinantal 
varieties. 
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Definition 11.1. Let U and U' be two vector spaces of dimensions respectively m and n, where 
m> n. Consider the projective space P{U ® U'). We say that a point x e P{U ® U') has rank 
r (and denote this as rk(x) = r), if 

(i) there exist unique subspaces Ur{x) C U and U'^^x) C U' of dimensions dimf/,.(x) = 
dim[/^(a;) = r such that x e P{Ur{x) ® U^{x)), and 

(ii) there do not exist subspaces U G U and U' C U' of dimension dim U = dim U' < r such 
that X e P{U ®U'). 

The following Lemma is a well known fact from the theory of determinantal varieties (see, e. 

g-, M)- 

Lemma 11.2. Each point x G P{U ® U') has a uniquely defined rank rk(2;), 1 < rk(a;) < n. 
Moreover, for a given point x G P{U ® U') of rank rk(x) = r such that x G ® W for 
some subspaces W C U and W C U' , the subspaces Ur{x) C U and U'^{x) C U' of dimensions 
dimf/fc(x) = d\mUl{x) = r defined in (i) above are such that Ur{x) C W and U^{x) C W. 

Proof. According to Definition 111.11 in which we piit U = H2m+ii U' = , each point x G 
P{H^m+i ® V"") has rank 1 < rk(x) < dimV"^ = 40 . Thus 

(302) P«™+4) = U Z., 

r=l 

where 

Zr := {X G P(W^4m+4) I ^K^) = 1 < ^ < 4, 

are locally closed subsets of P{W^^_^^. Consider the Grassmannian 
and its locally closed subsets 

(303) := {Vm G G I D Ur{x) for some point x G Z,,}, 1 < r < 4. 

In view of Lemma [11.21 the condition x G H P{Vm CS> V^) means that x & Zr Ci P{Ur (S) V"^) 
for some r-dimensional subspace Ur = Ur{x) C Vm- This together with fl302p and (13031) shows 
that 

{K, G G I P{Vm 8) V^'') n P{W^m+4) ^ 0} = u K. 

r=l 

4 

Now the theorem says that U C G. Thus, to prove the theorem, it is enough to show that 

r=l :^ 

(304) dimSr<dimG, 1 < r < 4. 

We are starting now the proof of (I304p for r = 4, 3, 2, 1. 

(i) Case r = 4. Set := {{x,U) G P{W^rn+4) x G^(4,^2m+i) I M^) = 4 and f/ = U^{x)} 
and let P{W^^j^^) 1^ r4 G(4, iJ^^^^^) be the projections. By construction, P4(r4) = Z^, and 
by the definition lll.l( i) the projection p^ : T4 ^ Z^ is a bijection. Hence 

dimg4(r4) < dimr4 = dimZ^ < dimP(VF4^_,_4) = 4m + 3. 

By construction we have the graph of incidence 

n4 = m Vm) e q^iv,) xE^iucVm} 

with surjective projections g4(r4) ^ 114 — )■ S4 and a fibre 

(305) pr^\U) ^ G(m - 4, i^L+i/t^) 

^Everywhere in this proof by the rank of a point x of a given subspace of P{H2jn+i ® ^^) we understand its 
rank as of a point in ^'(i?^m+i (X" V^). 
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over an arbitrary point U G q4^{T4). (In fact, the condition f/ C Kn C -f^^^+i means that 
VJU e G{m - 4, H^m+i/U).) Hence 

dimS4 < dim 114 = dimg4(r4)+dimG(m-4, i^2m+i/f/) < 4m+3+(m-4)(m+l) = m(m+l)-l = 

= dimG — 1 < dimG, i.e. fl304p is true for r = 4. 

(ii) Case r = 3. Consider the projection /s : Z3 — )■ P(K^)^ = : x 1— )■ V3(a;), where the 
pair of 3-dimensional spaces (f/3(x), V3(a;)), U^i^x) C -f^2m+i ^'^d V3(x) C l^^, is determined 
uniquely by the point x via the condition x G P{U^{x) ®V^{x)), since rk(x) = 3 (see Definition 
111.11 and Lemma lll.2p . Now for a given 3-dimensional subspace V3 C set 

(306) T.^iy^) = {Kn G G I D U^{x) for some point x G ^"'(l^s)}. 
Comparing this with fl3U3p for r = 3 we obtain 

(307) E3= U S3(\/3). 

Note that a priori /3 is not necessarily surjective. Hence, 

(308) dim S3 < dim ^3(1^3) + 3. 

We are going to obtain an estimate for the dimension of Tj-^iV^) for an arbitrary 3-dimensional 
subspace V3 of V"^ . This subspace defines a commutative diagram 

(309) 

^f^p3 ^2:^(-i) — ^0 

® Cp3(-1) ® Cp3(-1) Cp3(-1) 

" f " 

^ X, Cp3 ^ ^ 

0, 

where z = P(ker : V -» V3^) is a point in and the sheaf F has an Opa-resolution — )■ 
Cp3(— 3) —7- 3(9p3(— 2) — !■ F — > 0. Twisting this resolution by the vector bundle E and passing 
to cohomology we obtain the equalities H'^{F (g) F) ^ H'^{E{-3)) = H2m+i, H'^{F ® E) = 
0. Respectively, passing to cohomology in diagram fl309p twisted by E and using the above 
equalities and evident relations H^{E ® k^) ~ k^, H^{E k^) =0 implies the diagram 
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(310) 



2m+l 



H\E^U-1)) 



Try 



k2> ^H\E®X, 



mult 



-'-'4m 







0. 



In this diagram the composition e := mult o A is surjective. Hence, setting VF2m+3(V3) 
where dim W2m+3(V3) = 2m + 3, we obtain a commutative diagram 



ker e, 







w, 



2m+3 



-'-'4m 







mult 



-"4m 



-n2m+l 



-"2m+l 



which yields the relation 
(311) 



W, 



2m+3 



-"2m+l 



V 

4m+4i 



where the intersection is taken in -ff^^^+i (8) V^"^. Set 

^3(^3) := {x G P(Vr2m+3(^3)) I rk(x) = 3}. 
The relation (13 lip and Lemma 111.21 imply the bijection 

(312) ZsiVs) 4 f^\Vs). 

Consider the graph of incidence 13(^3) := {ix,U) E Z^iVs) x G{3,H^^^^) \U = Usix)} with 

projections ^3(^/3) ^ 13(1^3) 4 G(3,i/2m+i)- By Lemma [ILZI P3(r3(V3)) = ^3(^3) and the 
projection : r3(V3) — )■ ^3(V3) is a bijection. Hence 

(313) dimg3(r3(V^3)) < dimr3(V3) = dimZsiVs) < dimP(l^2m+3(V^5)) = 2m + 2. 
Consider the graph of incidence 

n3(^3) = {(f/,Kn) G g3(r3(V^3)) X S3(l^3) \ u C v^} 

with projections Q'3(r3(V3)) ^ H3(V3) — )■ S3(V3) and a fibre 



(314) 
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over an arbitrary point U G q'3(r3(V3)) (cf. fl305p ). The projection 113(^3) ^ ^3(1^) is surjective 
in view of (13121) . Hence, using fl313p . we obtain 

dimE3(r3) < dimn3(V3) = dimg3(r3(\/3))+dimG(m-3,iJ2Vi/f^) < 2m+2+(m-3)(m+l) = 

= — 1. This together with (13081) and the assumption m > 3 yields dim S3 < + 2 = 
dimG + 2 — m < dimG, i.e. (I304p holds for r = 3. 

Before proceeding to the case r = 2 we need to make a small digression on jumping lines of 
E. Introduce some more notation. For a given line Z C we have E\l ~ 0^i{d) © Opi{—d) 
for a well-defined nonnegative integer d called the jump of E\l and denoted also by dE{l)', 
respectively, the line / is called a jumping line of jump d of E. Set 6*2,4 := G{2,V'^) and 
Jk{E) := {I e G2,4 I dsil) > k}, Jl{E) := Jk{E) \ Jk+i{E), < k. From the semicontinuity 
of / G ^2,4, it follows that Jk{E) (resp., Jl{E)) is a closed (resp., locally closed) subset 
of G'2,4, /c > 0. Moreover, by a well-known theorem of Grauert-Miilich, Jq{E) is a dense open 
subset of ^2,4- Next, since E G /2m+i' follows that 

(315) J2^+i(E) = 0, 
so that 

(316) J2^-i{E) = J;^_^{E) U J*™(i5). 
We will use below the following lemma. 

Lemma 11.3. Let E G /2m+i- Then 

(1) dimJ2,n-l(^) < 1. 

(2) dim J^{E) < 3 for 1 < k < 2m - 2. 

Proof. (1) Suppose the contrary, i.e. dim J2m,-i(-E') > 2. Take any irreducible surface S C 
J2m-i{E) and let D be the degree of S with respect to the sheaf (9^2 4(1)- Fi^ £111 integer r > 5 
and take any irreducible curve C belonging to the linear series |C'g2,4(^)|5|- Then the degree 
degC w.r.t. (9g<2^(1) equals to Dr, hence degC > 5. Hence by [O, Lemma 6] there exist two 
distinct lines, say, Zi, ^2 ^ C, which intersect in P'^. Let the plane P^ be the span of li and I2 in 
P^. Now the exact triple -> E{-2)\p2 E\p2 -> E\i^ui.^ -> implies 

(317) H\E\p2) ^ H\E\i,uh) ^ H\E{-2)\p2). 

Next, as [E] G hm+i, we have h^{E{—l)) = h^{E{—2)) = 0, hence the exact triple — j- 
E{-2) E{-1) ^ ^(-l)|p2 ^ implies 

(318) H\E{-l)\f2) = 0. 

Now assume h^{E\p2) > 0. Then a section 7^ s G H^{E\f>2) defines an injection Of2 A- E\f,2. 
This injection and (I318P show that the zero-set Z of the section s is 0-dimensional and the 
injection s extends to a triple — )• Of>2 A E\p2 — )■ X^_p2 ^ 0. Whence 

(319) h\E\r2) < 1. 

Furthermore, equality (I318p together with Riemann-Roch and Serre duality for the vector 
bundle E{—l)\p2 shows that h^{E{—2)\p2) = 2m + 1. Whence in view of (I317p and (I318p we 
obtain 

(320) h\E\i,ui,) <2m + 2. 

On the other hand, let x := h H l2- Since by construction li^h G J2m-i{E), it follows from 
fl3T6D that either E\i^ ~ Cp2(2m - 1) © Cp2(l - 2m), or E\i^ ~ Cp2(2m) © Cp2(-2m), hence 
/iO(E ® X^,;J > 2m - 1, z = 1,2. This clearly implies h^iE\i^uh) > h^E ^I^^^uh) > h^{E © 
^x,h) + h^{E ©Xj^jj) = 4m — 2. Comparing this with (13201) we obtain the inequality 2m + 2 > 
4m — 2, i.e. m < 2. This contradicts to the assumption m > 3. Hence, the assertion (1) follows. 
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(2) This is an immediate corollary of the theorem of Grauert-Miilich. The lemma is proved. 

□ 



(iii) Case r = 2. Here our notation and argument are completely parallel to those in the case 
r = 3 above. Consider a morphism /2 : -^2 — ^ ^2,4 : x H- V2(x), where the pair of 2-dimensional 
spaces {U2{x),V2{x)), U2{x) C -^2™+! V2(x) C V"^ , is determined uniquely by the point 
X via the condition x G P{U2{x) ® V2(a;)), since rk(x) = 2 (see Lemma [11. 2p . 

According to (13151) we may assume that I G Jl{E) for some < /c < 2m, i.e. 

h^{E\l) = 2, h\E\l) = 0, if leJ^{E), 

respectively, 

(321) h'^{E\l) = k + 1, h\E\l) = k-l, if I e J^iE), l<k<2m. 
Now, for 1 < A; < 2m and a given subspace V2 G J^, set 

(322) S2,fc(V2) = {V„ G G I D [/2(x) for some point x G /2''(V^2)}. 



Then similarly to (I307p we have 



E2 = IJ U S2,fc(\/2) 
fc=0 VaeJ^ 



Hence, in view of Lemma [11.31 



(323) dimS2< max (dim S2 fc(V2) + dim J^). 

0<fc<2m 

We are going to obtain an estimate for the dimension of S2,fc(V2) for an arbitrary 2-dimensional 
subspace V2 in J^, < k < 2m. This subspace defines a commutative diagram 

(324) 

C»p3(-2) (]p3 F 



V2 ® Op3(-l) ® Cp3(-1) ® Cp3(-1) 



Oi 







where V2 := V"^ /V2, I = -P((V"2)^) is a line in P^, and F := cokers. Passing to cohomology in 
the diagram (13241) twisted by E, we obtain the diagram 
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(325) 



H\E\l) 



H%E\l)> ^H\E®Xi] 



mult 



H\E^F) 



HL+i ® ^2 — - 



£2 







H\E\l) 



0. 



Assume first that 1 < A; < 2m. (The case = is treated below.) In this case (13211) and the 
diagram (I325P lead to the diagram 







® ^2 



ker ei 







mult 







ker €2 



-"2m+l "2 



£2 



K -0 



H, 



Am 



• > 









H\E\l) 



0, 



where we set Wk^\{y2) := H^{E\V). Here according to (13211) we have dimVFfc+i(V2) = A; + 
1, dim ker ei = 4m — A; + 1, dim ker e2 = 4m — A; + 3. This diagram yields the relation (cf. 

dm])) 



(326) 



V 

2m+l 



^2 n 



where the intersection is taken in -ff^^+i ® Set 



The relation 
(327) 



^2,fe(1^2) := {x e PiWk+iiV2)) I rk(x) = 2}. 
and Lemma [11.21 imply the bijection 

^2,fc(^2) ^ /2~'(V^2). 



Consider the graph of incidence r2,fc(\^2) := {{x,U) G Z2,fc(V^2) x G{2,H^^^^) \ U = U2{x)} 
with projections ^2,^(^2) -P- r2,fe(V^2) ^ G{2,H^^^^). By construction, P2(r2,fe(V^2)) = ^2,fe(V2) 
and the projection p2 : r2,A;(V2) — )■ ^2,A:(V2) is a bijection. Hence 

(328) dimg2(r2,fc(V^2)) < dim 12,^(1^2) = dimZ2,fc(V2) < dimP{Wk+i{V2)) = k. 

Consider the graph of incidence 

n2,fc(V^2) = {{U,VJ G g2(r2,fc(l^2)) X S2,fc(l^2) I f/ C Kn} 
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with projections q2{^2,k{V2)) 112,^(^2) ^ ^2,^(^2) and a fibre 

pr^\U)^Gim-2,H^^^jU) 

over an arbitrary point U G q'2(r2,fc(V2)) (cf. f l305p and (13141) ). The projection n2,A:(V2) — )■ 
S2,/c(V2) is surjective in view of (13271) . Hence using (I328P we obtain 

(329) dimE2,fc(V^2) <dimn2,fc(V2) = dimg2(r2,fc(^)) + dimG(m-2,if2™+i/f^) < 

<k + {m- 2)(m + l)=m^-m-2 + k = dimG - (2m - k + 2), l<k< 2m. 

Now consider the case k = 0. In this case one has h^{E\l) = 2 and, respectively, 
dimg2(r2,o(^2)) < dim 12,0(^2) = dim ^2,0(^^2) < dimP{Wi{V2)) = 1, instead of fl328|l . Hence, 
similar to the above we obtain for k = 0: 

dimS2,o(V^2) < 1 + (m - 2)(m + l) = m^-m-l = dimG - (2m + 1). 

The last inequality together with (I329p . (I323p . Lemma [11.31 and the assumption m > 3 yields 
dimE2 < dimG, i.e. (l3U4p is true for r = 2. 

(iv) Case r = 1. Again the notation and argument goes along the same lines as in cases 
r = 4, 3 and 2 above. Consider the projection /i : Zi — )• P(K^) = (P^)^ : x 1— i- Vi(x), where the 
pair of 1-dimensional spaces {Ui{x),Vi{x)), Ui{x) C -f^2m+i Vi(x) C V^, is determined 
uniquely by the point x via the condition x G P{Ui{x) ® Vi{x)), since rk(a;) = 1 (see Lemma 
lll.2p . Now for a given subspace Vi G (P^)^ set 

Si(Fi) := {Vm e G \ VmD Ui{x) for some point x G fi^{Vi)}. 

Then similar to (130 7p we have 

(330) El = U ^i(Vi). 

Vie(p3)^ 

Hence, 

(331) dimSi < dimSi(Vi) + 3. 

We are going to obtain an estimate for the dimension of Ei(Vi) for an arbitrary 1-dimensional 
subspace Vi of . This subspace Vi defines a commutative diagram 

(332) 



fip3 = fipS 

■ ' 

Vl ® Cp3(-1) ® Cp3(-1) V3 ® Cp3(-1) 



^ Cp3(-1) ^ Cp3 ^ Cp2 ^ 

0. 

Note that to the point Vi G (P^)^ there corresponds a projective plane P{Vi) in P^ and set 
B{E) := {Vi G (P^)^ I /i°(E|p(y,)) 7^ 0}. It is known that, for m > 1, dim B{E) < 2 (see jBl]). 
Moreover, in view of (I319p . 

(333) h%E\p(^v,)) = 1, V^e B{E). 

Passing to cohomology in diagram (I332p twisted by E and using the equality h^{E) = for 
[E] G hm+i we obtain the diagram 
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(334) 



Am+A Am+A 



mult 



^Am 



Let Vi e B{E). Setting WiiVi) := keT{multo\) = H^{E\p(y^)), where by ([3331) duaWiiYi) 
we obtain from (13341) a commutative diagram 



0— if^ViMi^i: 



yyAm+A 



mult 



Try 
^Am 



H^{E\p2^Vi), 



0, 



hence a relation 
(335) 



where the intersection is taken in -f^^^+i ® V"^ . Set 

ZiiYi) := if ^ 5(E), respectively, Z^iVi) := P(W^i(Vi)) = {pt} if Vi G S(E). 
The relation (I335P and Lemma [11.21 imply the bijection 

(336) Zi(Vi) 4 /ri(Vi), ViG(p3)\ 

Consider the graph of incidence ri(Vi) := {(x, [/) G Zi{Vi) x P{H2m+i) \ U = Ui{x)} with 
projections Zi{Vi) ^ ^i{Vi) P{H2m+i)- By construction, piiViiVi)) = Zi{Vi) and the 
projection pa '■ ri(^i) ZiiVi) is a bijection. Hence 

(337) dimgi(ri(\/i)) < dimri(ri) = dimZi(Vi) < 0. 
Consider the graph of incidence 

ni(Vl) = {{U.Vrn) G qi{Ti{Vr)) x Ei(Ki) | [/ C K.} 
with projections gi(ri(Vi)) ^ ni(Vi) — )■ Si(Vi) and a fibre 

prr^(f/)^G(m-l,i72Vi/f^) 








Al2 


^13 


Al4 


\ 




-^12 





^23 


^24 






-^13 


-^23 





^34 




v 


-^14 


-^24 


-^34 





/ 
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over an arbitrary point U G gi(ri(Vi)). The projection ni(Vi) ^ Si(Vi) is surjective in view 
of fl336p . Hence using fl337p we have 

dimSi(\/i) <dimni(\/i) = dim gi(ri(\/i)) + dim G(m - 1, i^am+i/f^) < + (m - l)(m + 1) = 

= m? — 1. This together with (13311) and the assumption m > 3 yields dim Si < m? + 2 = 
dimG + 2 — m < dimG, i.e. fl304p holds for r = 1. Theorem is proved. □ 

11.2. Proof of Proposition 17.31 

Before giving the proof of this Proposition, we need some preliminary arguments. For any 
point B G Sm+i let 13 : S'^Hm+i — ^ A^l^^ denote the induced homomorphism. We have a 
morphism of affine varieties 

(338) b: X S™+i ^ aV^ : {h, B) ^ B{h (g) h). 

Fix a basis 61,62,63,64 in V. Then the point B G S^+i considered as a homomorphism 
B : Hm+i ® V — )■ -f^m+i ® can be represented by a skew-symmetric block matrix 



(339) B 



where Aij G S'^H^j^^, ^ < i < j < 4:. Here we consider Aij as the quadratic forms 

(340) if„+i ^ k : X ^ Aij{x), I < i < j < 4, 

on Hm+i- Respectively, in the projective space P{Hm+i) — there are defined quadrics 

(341) Q,,{B) := {< X >G P{Hm+i) \ A,,{x) =0}, 1 < ^ < j < 4. 

Let K C A^V^ be the cone of decomposable vectors, K = {w & A^V^I ik{w : V V^) < 2}, 
and, for m > 1, set 

(342) M^+i := {5 G S,„+i| b(i/„,+i x {fi}) C K}. 

By construction, M^+i is a closed subset of S^+i, and we consider it as a reduced subscheme 

of Sm+l- 

Consider first the cases m = 0, 1 and 2. An explicit computation shows that 

(i) Mi,M2 and M3 are irreducible and, moreover, 

(343) Ml = K, Mm+i C S™+i \ (S„+i)°, codims„+,M„+i = 2, m = 1, 2; 

(ii) M3* := [B G M3I 13(5) := Qri{B) nQ23{B) is a 4-ple of distinct points in the projective 
plane P{Hs)} is a dense open subset of M3. 

Now proceed to the case m > 3. In this case, set 

(344) S^_,_i := {B G S^+il ^m+i(-B) := Qis^B) fl Q23{B) is an integral codimension 2 

subscheme of the projective space P(iJm+i)}- 
Since m > 3, S^^i is a dense open subset of S^+i. 

Lemma 11.4. For m > 3 let B G S;;+i n M„+i. Then B ^ S^+p 

Proof. We represent a given point B G S5^_,_inMm+i by matrix (I339p . Then, under the notation 
(1340p . for X G Hm+i, we obtain a skew- symmetric (4 x 4)-matrix with entries in k 

/ Auix) An{x) Au{x) \ 

(345) Bix) = -^^H ° , , ^"^"^ til • 
^ ^ ^ ^ -^13(3;) -^23(0;) Au{x) 

\ -Au{x) -A24{x) -A34{x) / 
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The condition B G M^+i by definition means that the matrix B{x) is degenerate, i.e. its 
Pfaffian vanishes identically as a polynomial function on Hm+i- 

(346) Ai2ix)Auix) - Ais{x)A2iix) + Au{x)A23ix) = 0, xe Hm+i- 

Since B G S^^_]^, from (13411) and (13441) it follows that the quadrics Qi3{B) and Q23{B) are 
integral and their intersection Y := Ym+i{B) is integral of codimension 2 in P{Hfn+i)- In this 
case (13461) implies that either Qi2(5) D Y, or Q3i{B) D Y. Let, say, (534(5) D Y^+i{B). This 
means that A34(x) G -f/'°(Xy^pm(2)). Now, passing to sections of the exact triple 
^ Opm{-2) 2Cp™ Ai3(x)^23(x) j^^^^^(^2) 0, we obtain that A^^^x) = aAi^ix) + (3A23{x) 
for some a,(3 Ek. Substituting this relation into ( I346p we obtain a relation Ai3{x){aAi2{x) — 
A2i{x)) + A23{x){(3Ai2{x) + Ai4^{x)) = 0. Since Qis and Q23 are integral, the last relation implies 
that either 

(i) ^23 = AA13, y424 - aAi2 = X{l3Ai2 + Au) for some A G k, or 

(ii) l3Ai2 + Au = fJ-Ais, ^24 - 0!Ai2 = ^iA23 for some yU G k. 
Substituting the relations (i) into (13391) and denoting 7 = + A/3, we obtain 



(347) B 



Adding the multiplied by A first block column of this matrix to its fourth block column, and 
then performing a similar operation with block rows, we obtain the matrix 





A12 


^13 


Ai4 


\ 


-v4i2 





AA13 


7y4i2 + XAii 




-^13 


-Av423 





7^13 




V -^14 


-7A12 - Ay4i4 


-7^13 





/ 








A12 


Ai3 


Al4 


\ 




-A12 





AA13 


AA14 






-Ar3 


-AA13 










I 


-Au 


-AA14 








/ 



(348) B' 



which is degenerate. Hence B is also degenerate. A similar computation with relations (ii) also 
gives the degenerateness of B. Lemma is proved. □ 

From Lemma [11.41 it follows that, for any irreducible component M^_^i of M^+i, 

(349) l<codims,„+,M:+i<2, m > 3. 

Indeed, from this Lemma we obtain that S^_^_i fl S^_|_i fl M^+i = 0. Since S^^^^ fl S^_^_i is 
a dense open subset of Sm+i, it follows that M^+i 7^ S^+i, i.e. 1 < codims^+^Mm+i. On 
the other hand, is a nonempty divisor in A^\^^, hence h^^-^{K) is a nonempty divisor of 
Hm+i X Sm+1- Since Mm+i is nonempty (in fact, {0} G M^+i), counting of dimensions of the 
fibres of the natural projection b~^^(_ft') — > S^+i shows that, for any irreducible component 
M'^^^ of M^+i, codims„+,M;;,+, < 2, and dMSD follows. 

Lemma 11.5. For m > 3 let M^_^^ be any irreducible component of Mm+i- Then S^^i fl 
^'m+i 7^ 0- Hence fl M^_,_^ is a dense open subset of M^_^_^. 

Proof. 1) Consider first the case m = 3. Choose coordinates xi, ...,X4 in H4 and let Hi and 
be the subspaces of if4 given by the equations xi = X2 = X3 = and X4 = 0, respectively. The 
direct sum decomposition if4 = HiQH^ induces the iclusion of a direct summand Si ©S3 S4. 
Considering this inclusion as an embedding of an affine subspace Si x S3 S4, we obtain from 
and from the definition (13421) that 



(350) M3 = ({0} X S3) n M4, K = (Si X {0}) n M4. 

This together with (I349P and the irreducibility of M3 (see property (i) above) implies that, for 
an arbitrary irreducible component M4 of M4, 

(351) M3 = ({0} X S3) n K= (Si x {0}) n M^. 
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Note that fl343|) and fl349D imply that 

(352) codims^M^ = 2. 

Take any point B' G M|, and let Ai3{B'){xi, X2, x^) be the quadratic forms on corre- 
sponding to the entries Ai^lB'), i = 1,2, of the matrix B'. Then the set Y^lB') is given in 
the projective space P{Hs) by the equations {Ais{B'){xi,X2,xs) = 0, i = 1,2}. Now take an 
arbitrary point B" E Si A^V^ and, according to fl339p . consider B" as a skew-symmetric 
matrix {aij{B")). Then the point B := {B',B") G Si x S3 determines the scheme Y^lB) (see 
(13441) ) which is given in the projective space P{H/^ by the equations 

(353) Ai^{B'){xi,X2,X:,)-ai^{B")xl = Q, t = 1,2. 

Consider the sets U' = {{B',B") G Si x SslY^iB') = QuiB') f] Q2-i{B') is a 4-ple of distinct 
points in the plane P{H^)} and U" = {{B',B") G Si x Ss\ai3{B") ^ 0, z = 1,2}. These 
sets dense open subsets of Si x S3, and from (135 ip and the property (ii) above it follows that 
MH := n f/' n U" is a dense open subset of M^. Now for any point B = {B' , B") G M'l the 
equations (I353P can be rewritten as follows 

(354) A(xi,X2,X3) := Ai2,{B'){xi,X2,x:i)a22.{B") - A2^{B'){xi,X2,x^)ai^{B") = 0, 

Ai3{B'){xi,X2,Xs) - ai3{B")xl = 0. 

Consider the conic C{B) = {A{xi,X2, X3) = 0} in P^. Then Mf = {B e M'l \ C{B) is integral} 
is a dense open subset of M4 . By construction, the set {Ai3{B'){xi,X2, X3) = 0}nC{B) coincides 
with the set Y^lB') which by definition is a 4-ple of distinct points in P^. Therefore the equations 
(13541) defining Y^lB) show that Y4^{B) is a double cover of C{B) ramified in Y^lB'), hence it 
is an integral elliptic quartic curve in F^. In other words, -B G S4 fl M^. This means that 
Mf C S^ n M^, so that S^ fl is dense open in M^. 

2) The argument in the case m > 4 is similar to the above. Choose coordinates xi, Xm+i in 
Hm+i and let Hm-z and be the subspaces of Hm+i given by the equations xi = ... = 0:4 = 
and X5 = ... = Xrrt+i = 0, respectively. The direct sum decomposition Hm+i = Hm-s © 
H4 induces the iclusion of a direct summand S4 S^+i- Considering this inclusion as an 
embedding of an affine subspace S4 S^+i, we obtain from the definition (I342p that, similar 
to dSMl), 

(355) M4 = S4nM^+i. 

Now let M^_^_-^ be any irreducible component of Mm+i- From (I349p . (13520 and (13550 it follows 
that, for any irreducible component M4 of S4 fl Ml^_^_^, the set M4* = S4 fl M4 is a dense open 
subset of M4. By definition, an arbitrary point B G M4* is such that Y^lB) is an integral 
quartic curve in F^. From the construction of the embedding S4 ^ S^+i it follows now that, 
for this point B considered as a point in M^_^_i, the scheme Ym+i{B) is a cone in i^(i?^_|_i) over 
14(5). Hence Ym+i{B) is an integral codimension 2 subscheme of P(ifm+i), i.e. B G S^^^ 
This means that Sj!j^_|_-i^ H M'^_^^ is a dense open subset of M^_^_^. D 

Corollary 11.6. For any m > 0, M^+i C S^+i \ Sj^_,_;^. 

Proof. For m < 2 this statement follows from (13431) . Let m > 3 and let Ml^_^^ be any irreducible 
component of Mm+i- By Lemma [11.41 S^ , ^ fl M^_^_^ C S^+i \ S^_,_]^. Since S^+i \ S[^_,_i is a 
closed subset of S^+i and by Lemma 111.51 the set S^_^_i fl M^_,_]^ is a dense open subset of an 
irreducible set M^^-^, it follows that M^_^^ C S.m+i \ S[^_,_]^. □ 

We are now ready to prove Proposition 17.31 

Proof of Proposition \ 7.3\ Let D G (S^_,_^)°, i.e. D is a nondegenerate homomorphism 



D : i?^+i — )• Hm+i ® V. Assume that, for any monomorphism j : -ff^+i) the 

composition Jd := j"^ o D o j : ® — )■ Hm ® is degenerate. We will show that this leads 
to a contradiction. For this, represent j dually as a monomorphism jk : k Hm+i- Consider 
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the nondegenerate homomorphism B := D^^ : i/m+i — ?■ -f^^+i (8 and the induced 
skew-symmetric homomorphism js := o B o j^^ : \/ ^ k (8 — )■ — V"^ . Then the 
degenerateness of jn is equivalent to the degenerateness of Jb- As above, the homomorphism 
B can be represented by a skew-symmetric matrix (13391) . In this notation, the degenerateness 
of the homomorphism Jb for any jk : k -f^m+i just means that, for any vector x G Hm+i, 
the skew-symmetric (4 x 4)-matrix B{x) in (13451) is degenerate, i.e., by definition, B G Mm+i- 
Then by Corollary 111.61 B is degenerate. This contradiction proves Proposition. 
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